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A Formal Statements and Proofs

Lemma
Lemma 1. For everyi € N: If s(i) = w then a} = W and if s(i) = b then a} = B.

Proof. For deciding the first period’s action note that (i) the history is irrelevant and therefore (ii)
G is irrelevant.

Suppose s(i) = w. Agent i updates her belief regarding the state of the world:
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Plo=WHITE|s@) = w) = 55050 —q ~ 05 ~

Next, she updates her belief regarding the majority of signals.

P(I{5 € N\(s) = w}] +1> {5 € N\(iHs(i) = b}

s(i) = w) =

P<|{j € N\{i}[s(j) = w}|+1 > |{j € N\{i}|s(j) = b}|‘w _ WHITE) ><P<w _ WHITE

s(i) = w>+

P<|{j € N\{i}s(j) = w}| + 1> |{j € N\{i}|s(j) = b}|’w _ BLUE) X P(w _ BLUE

s(i) = w)

First, suppose that n is even:
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(n N 1) (1- q)kqn"""l} x(1-q)=

0 =
P<|{j e N\{i}[s(j) = w}+1 < [{j € N\{i}|s(j) = b}|‘w = WHITE) ><P<w = s(i) = w>+
P<|{j e N\{i}|s(j) = w}+1 < |{j € N\{i}|s(j) = b}|‘w = BLUE> xP(w = s(i) = w> =

=)

= (g € M(Hs() = w}] + 1< [{F € N\{i} (g

Now, suppose that n is odd:

_ [ nz_:l (n ; 1) ¢ (1 - q)”_k‘l] X q+ [ z_: (n N 1) Q)kqn_k_l} x(1-q)=

_n—1
k= 2

2

qk+1(1 _ q)nfkfl + (1 _ q)k+1an1:| >

k=23t
n—1 n 1
> Z < L > qk+1(1 o q)n—k—l + (1 - q)k+1qn—k—1:| _

k=240

n=1_14 n=1_1

E n—1\T4 n—k k n—k E n—=1\ rh1 n—k—1 k1 n—k—1
= T A e U A A D DI I I ) +(1 - ) g =
k=0 k=0

— [%1 (” ; 1) 1 - q)”’“] X g+ [ Z <n - 1) q)kq”’”} x(1—q)=

P<|{j € N\{i}[s(j) = w}[+1 < |{j € N\{i}|s(j) = b}\‘w - WHITE) xP(w — WHITE|s(i) = w>+

! To see this inequality, note that for every k < 3 — 1 we get that 2k+1—-n < 0. Since 1 > ¢ > > 1—q > 0 we get
that q2k+17n < (l_q)2k+17n or qk(l—q)n7k71 < qnfkfl(l_q)k. ThUS, qk(l_q)nfkfl(q (1 q)) n k— 1( ) (
(1—g)). This means that for every k < 2 — L we get ¢* 7' (1—¢)" " ' —¢"(1—q)" * < ¢" " (1—q)" q” =l — q)kﬂ.
Switching sides we get that for every k < 5§ — 1: FT A= P P 1 - < " TP — ) + (1 — )"
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P<|{J' € N\{i}[s(j) = w}+1 < [{j € N\{i}|s(j) = b}|‘w = BLUE> xP(w -

s(i) = w> =

= P(I{ € N\(i}1s() = w} +1 < |{5 € M\{i}ls

= P(I{ € N\(i}1s() = w} +1 < |{5 € M\{i}ls

To sum up, we get that for any n,

P(I{ € N\{i}s() = w}] + 1> [{j € N\{i}Is(i)

)>
=)

That is, the updated beliefs are such that the probability that there are strictly more w signals

P(I{5 & N\(iHs() = w} +1 < {7 € N\(iHs(3)

than b signals is greater than the probability that there are at least as many b signals as there are
w signals. Thus, since the individual is a myopic utility maximizer she chooses a} = W. The case

where 5(7) = b is symmetric and therefore in that case she chooses a! = B. t

Lemma

In the theoretical setting (Section 3.1) agents posses perfect recall, that is, in each round ¢ € {2,... },
before making a decision, each agent can observe the choices made by herself and her direct
neighbores in all previous rounds. Hence, the history agent ¢ observes at the beginning of period
t > 1ishl: B(@)U{i} x {1,...,t — 1} — {W, B}. Note that h! is defined starting ¢t = 2 since
when taking the decision on the action in period 1, the agent has no observations on herself or

her neighbors’ previous actions. For every j € B(i) U {i} denote by hl(—j) the restriction of h! to

{B() Ui} \{7}-

Lemma 2. For every i € N and for every j € B(i): If h2(j,1) = W then s(j) = w and if
h?(j,1) = B then s(j) = b.

Proof. Let h2(j,1) = W. Suppose, in contradiction that s(j) = b. Then, by Lemma 1, ajl- = B.
Hence, by definition, h?(j,1) = B. Contradiction. Hence, s(j) = w. Note that since we assume

common knowledge of myopic Bayesianism, agent ¢ is able to make such an inference. Similarly,

h3(j,1) = B implies that s(j) = b. O
Lemma
Denote the set of agent i’s neighbors that chose the action W in period ¢t — 1 by W1 B(i) = ={je

B(i )|ht(], t —1) = W} and the set of agent i’s neighbors that chose the action B in period t —1by
B'1B(i) = {j € B(i)|hl(j,t — 1) = B}. Denote A;_1(i) = [W*1B(i)| — |B""1B(i)|. For brevity,
we omit the subscript 1 of A in the proof.



Lemma 3. For everyi € N:

1. Suppose s(i) = w. If A1(i) > 0 then a? = W, if A1(i) = —1 then a? € {W, B} and if
Aq(i) < =2 then a? = B.

2. Suppose s(i) =b. If A1(i) > 2 then a? = W, if A1(i) = 1 then a? € {W, B} and if A1(i) <0
then a? = B.

Proof. By Lemma 2, before the decision in period 2, agent i knows her own signal (s(7)) and her
neighbors’ signals ({s( )| € B(i)}) and has no information regarding the signals of the other
participants. Since the signals’ distribution is independent of the network structure, G is irrelevant.
Therefore, for the second period’s decision, the agent cares only about the number of signals of each
type independently of the exact position of their receivers.

Suppose s(i) = w. The conditional probability that the state of nature is WHITE is

P(w=WHITE|s(i) = w,|W'B(i)|,|B'B(i)|) =

O.5q\W1B(i)H—1(1 _ q)|BlB(i)|
- 0‘5q\WlB(i)\+1(1 _ q)|BlB(i)| + 0‘5(1 _ q)|WlB(i)|+1q|BlB(i)| -

¢ W' BG)+1-|BB()|
~ JWBOF1- \BlB(z)\ F(1- q)\W1B<i>\+1—|BlB(i>| -

A(i)+1 [1%]
A+ 4+ (1 — q)A(z‘)H 1+ [%]A(z

Since 1 > ¢ > 3, when A(i) > —1 we get P(w=WHITE|s(i) = w, \WlB( ), IB'B(i)]) >
when A(i) < —1, P(w = WHITE|s(i) = w, W'B(i)|, |B*B(i)|) <

Similarly, suppose s(s) = b. Then, P(w — WHITE|s(i) = b, |W1 ()], |B'B(i)]) = %
Thus, when A(i) > 1 we get P(w = WHITE|s(i) = b, |W'B(i)|, [B'B(i)|) > 3 while when A(i) <
P(w=WHITE|s(i) = b,|W'B(i)|,|B'B(i)|) < 3.

Knowing these conditional probabilities, the agent updates her belief regarding the signals’

% while

distribution in order to guess optimally in the second round.

Note that A(:) € {—|B(i)|, —|B(i)| +1,...,|B(i)| — 1,|B(¢)|}. For some values of A(7) there is
no need to account for the signals received by non-neighbors, while for other values, beliefs on the
signals received by non-neighbors are necessary.

We begin with the case where there is no need to account for the signals received by non-neighbors.
There are two such cases - (i) There are no non-neighbores and (ii) There are enough observed
signals of any type to be certain about the majority of the signals in the whole network.

In case (i), if |B(i)] =n — 1 and s(i ) = w then if A(i) + 1 > 0 the agent must choose a? = W, if
A(i) + 1 < 0 the agent must choose a? = B and otherwise a? € {W, B}. That is, if |B(i)| =n — 1
and s(i) = w then if A(i) > —1 the agent must choose a? = W, if A(i) < —1 the agent must choose
a? = B and if A(i) = —1 then a? € {W, B}. Similarly, if |B(i)| = n—1 and s(i) = b then if A(7) > 1



the agent must choose a? = W, if A(i) < 1 the agent must choose a? = B and if A(i) = 1 then
a? € {W, B}.

For case (ii), suppose s(i) = w. Note that w + 1 is the number of w signals observed by
the agent (M [W1B(i)]) and w is the number of b signals observed by the agent

(M |BB(i)]). There are enough observed signals to be certain about the majority of

signals in the whole network if M
the subject should choose a? = W. That is, if A(i) > n — |B(i)| — 2, the agent must choose a? = W
(since |B(i)| < n —1, A(7) is at least 1). If w > 5 then more than half of all signals are b,
therefore the subject should choose a? = B. That is, if A(i) < —(n — |B(i)]), the agent must choose
a? = B (since |B(i)| < n — 1, A(4) is at most —3).

Similarly, suppose s(i) = b. Note that M is the number of w signals observed by the agent
and M +1 is the number of b signals observed by the agent. If M
half of all signals are w, therefore the subject should choose a? = W. That is, if A(i) > n —|B(3)|,
the agent must choose a? = W (since |B(i)| < n — 1, A(i) is at least 3). If W +1>3
then more than half of all signals are b, therefore the subject should choose a7 = B. That is, if
A(i) < —(n — |B(i)| — 2), the agent must choose a? = B (since |B(i)| < n — 1, A(4) is at most —1).

We move to the case where one needs to account for the signals received by non-neighbors.

Ifs(i) =wand 0 < |B(i)| < n—1, only A(¢) € { max{—|B(i)|, —(n—|B(i)|)}, ..., min{|B(i)|,n

|B(i)| — 2}} (a non-empty set) requires to account for the signals received by non—nelghbours In

+1 > 3 since then more than half of all signals are w so

% then more than

this case, the probability that there are at least as many w signals as there are b signals is:

P(I13 € NIj  B() U {i}.s() = whl+A0)+1 2 {5 € Nlj ¢ BG) U {3}
P<|{j€N|j¢B()U{z} ) = w}|+A +1>|{jeNyj¢B()u{i},s(j):b}]'w:WHITE>><
xP(w _ s(i) :w,A(i),\B(i)|>+

P<|{jeN|j¢B()u{z} ) = w}+A@)+1 > |{j € N|j ¢ B(i) U {i}, s( _b}y'w_BLUE>
xP(w - (i) :w,A(z’),\B(i)o

The probability that there are at least as many b signals as there are w signals is:

P(I{ € Nlj ¢ B U (i}s) = w} +AG+L< {5 € NIj ¢ Bli) U ),

P<|{j € NJj ¢ B() U {i}, s(j) = w}+A®G0)+1 < |{j € N|j ¢ BG) U {i}, s(j) = b}y)w - WHITE) «

xP(w:

(i) = w, AGD), |B<i>|)+

A, IB)) =

w, A, 1B(0)]) =



P(I{5 € N3 # BG)U (i}s0) = w}[+A6)+1 < [{ € Nl ¢ BG) U {i},s0) = b} | = BLUE ) x

><P<w — BLUE|s(i) = w, AGi), |B(i)|>

We study the difference between these two probabilities, first for the case that n is even and then

for the case that n is odd.
Suppose that n is even and note that |B(i)| and A(i) are even or odd together and therefore
their sum and difference are always even. Note that the summations are not empty since we consider

only those A(7)s that require beliefs on the non-neighbors.

n—|B(i)|-1 . ;
3 n—[B(@)| -1 - q)nB(mlk} ‘ g~ -
k RO+ 4 (1 — g)AO+1

_n_ |B@)[+A)
k=5 ——+—"-1

n—|B(1)|—1 ) i
+[ z(:)I <n —|B(i)] - 1) (1- q)"“q”"B("”—l—k} . (1 — q)A6+1 -
f=1— LBOLEAG 4 k A+ { (1= A0+

n_ |B@I+AG) 4
2 2 A(i)+1

n—|B(i)| -1\ 4 n—|B(i)|-1—k q
—{ ]CZ:% < i q'(1—-q) ] X AOH 4 (1 - A0+

n_[BOAG . N
B > n—[B(i)| -1 (1= )F g BOI-1-k] (1— 20+
k 7)°4 A+ 1 (1 — ¢)A@+

k=0
Or,
n—|B(i)|-1 . i
[ Z <7’L — |B(Z)| — 1) qk(l _ q)n_lB(i)|_1_k:| % R qA( )+1 S
a0, k g2+ 4 (1 — g)A0+
n—|B(i)|-1 . i
N 3 (n —|B(3)| - 1) (1— q)kqn|B(i)1k] < (1 — q)~( )HA -
oz D20 k gAO+L 1 (1 — ¢)AD+
n—|B(§)|-1 . . i
- > ("— . 1>(1 S e e v (i G}
S eI k 17 gAOFL 4 (1—gq) (&)+
- |B(i)|-1 . - i
s f5Ta0 k 17 gAOFL 4 (1—gq) (0)+
Note that 2 — |B(i)\2—A(i) =z_ |B(i)\2+A(i) — 1 if and only if A(s) = —1, & — w >
n_ [BOIXAG _ 1 if and only if A®) > 0 and & — BOZA0O o IBOWAG _ 4 jf and only if

A(i) < —2.



Suppose first that A(7) > 0. Then, the difference between the probabilities is

gAOHL (1 A+ .
A+ (1 — ¢)A0+1

n—|B(i)|-1

n—|B()|—1 P R
x[ ( | k(:)‘ )[qk(1_q)n IBOI-1-k _ (1 _ g)hgnIBOI-1 k]}r
k;:%_w

1

+qA(i)+1 FCEAYNGEES

n_ [B@I=AG)
gl

—|B(i)| —1 : . , .
X{ 5 <n |B(7)] >[qk+A(z)+1(1_q)n|B(z)|1k+(1_q)k+A(z)+lqn|B(z)1k]}

k
k=r_ 120172

The second addend is positive since g € (%, 1) (the multiplier and every element in the summation
are positive) and A(i) > 0 (there is at least one element in the summation). The multiplier in
the first expression is positive since ¢ € (%, 1) (1 >¢>1—¢>0)and A(i) > 0 (the greater base
matters). Finally, in the second part of the first expression, k > § — W. Since A(i) > 0
we get k > n— |B(i)] — 1 — k. Also, by the summation bound n — |B(i)| —1 —k > 0. Hence,
k>n—|B(i)|—1—k>0. g€ (1) means that ¢"(1 — q)""1BOI1=k 5 (1 — g)kgn=1BOI=1=k and
the whole expression is positive. Hence, if s(i) = w, |B(i)| < n — 1 and A(i) > 0 the probability
that there are at least as many w signals as there are b signals is higher than the probability that
there are at least as many b signals as there are w signals. Hence, if s(i) = w and A(i) > 0 then
ab = W is optimal.

Suppose now that A(i) = —1. Then, the difference between the probabilities is zero since the
multiplier of the first addend is zero and the second addend does not exist. Hence, if s(i) = w,
|B(i)| <n —1and A(i) = —1 the probability that there are at least as many w signals as there are
b signals is equal to the probability that there are at least as many b signals as there are w signals.
Hence, if (i) = w and A(7) > —1 then a} € {W, B} is optimal.

Suppose now that A(i) < —2. Then, the difference between the probabilities is

gAO+L (1 — )AG+H
AT (1 — q)A0+1

X

x { n_%)'_l (n —|B(i)| - 1) (1 — 1Bk g q)’“q”'B(”““}} -

k
=n__ 12Vt

1

AT 1 (1= g)AD+H X

[B@G[+AG)
%_ 2 —2

y [ 5 n — B]ii)| - 1) (1 — q)fqntaO-1BOIk 4 gk (q _ q)n+A(i)—B(i)|—k]}

_n_ |B@I-A®)
k=5——=—"5—



The second part is positive since q € (%, 1) (the multiplier is positive as every element in the
summation) and A(i) < —2 (there is at least one element in the summation). The multiplier in the
first expression is negative since g € (3,1) (1 > ¢ > 1—¢ > 0) and A(i) < —2. Finally, in the second
part of the first expression, k > § — w — 1. Since A7) < =2 we get k >n — |B(i)] — 1 — k.
By the summation bounds we get that k¥ < n — |B(i)| — 1. Hence, k > n— |B(i)] —1—k > 0.
q € (%, 1) means that ¢F(1 — ¢)*1BOI=1=k 5 (1 — g)kgn—IBOI=1=k  Thus, the second part of the
first expression is positive and the whole expression is negative. Hence, if s(i) = w and A(i) < —2
the probability that there are at least as many w signals as there are b signals is lower than the
probability that there are at least as many b signals as w signals. Thus, if s(i) = w, |B(i)| <n —1
and A(i) < —2 a utility maximizer should choose a? = B.

A very similar proof shows that the same is true when s(i) = w and n is odd. In this case there
are no ties. The difference between the probability that there are more w signals than b signals and

the probability that there are more b signals than w signals is

n—|B(1)|—1 . i
Iz(:)l n—|B@)] —1 41— q)n—IB(i)—l—k] y | gA+1 .
k qA(z)+1 + (1 _ q)A(z)Jrl

_n+l_ |[B@|+A®)
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R S i [ e P i
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k=1

NAG)+L
} DR ) |
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+[ nle(é)l (n — |B(i)| — 1) (1= q)fgnIBOI=1-k

k
| g B Lot A Heed L2

- n—|B(1)|—1 . - i
B |z(:) n—|B(i)| -1 (1= g 1BOI-1-k] o g~
k RO+ 1 (1 — g)A0+1

S p_n+l  |B@E)[-A®E)
e
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NS <n - 1B(i)| - 1>qk(1 _ o] o (1=
L PINGES IS (1— q)A(z)+1

S p_n+l  |BE)[-A®E)
k="



Note that ”7“ — W = "TH — W — 1 if and only if A(7) = —1, ”TH - 7|B(i)|;A(i) >
"TH - 7|B(i)‘2+A(i) — 1 if and only if A(7) > 0 and "TH — 7|B(i)‘2_A(i) < ”TH — 7|B(i)|2+A(i) — 1 if and only
if A(i) < —2.

Suppose first that A(i) > 0. Then, the difference between the probabilities is

gAOH (1 — ) AG+H .
gADFT (1 — q)A0D+1

n—|B(i)|-1 .
v { Z (n —|B(3)] — 1) [qk(l . q)nf\B(i)Flfk —(1- q)kqﬂ|3(i)1k]} 4

pntl _ |BG)I=AG) &
2 2

1
AT 1 (1= g)AD+H X

na1_IBGIZAG '
y 5 <n — !Bliz)\ - 1) (AL — gyl BOIIk (g q)k+A(i)+1qn—|B(i)—1—k]]
ponpl _IBOIAG)

The second addend is positive since ¢ € (3,1) (the multiplier and every element in the summation
are positive) and A(i) > 0 (there is at least one element in the summation). The multiplier in
the first expression is positive since g € (%, 1) and A(7) > 0. Finally, in the second part of the
first expression, k > % — w. Since A(i) > 0 we get k > n — |B(i)] — 1 — k. Also, by the
summation bound n — |B(i)| — 1 —k > 0. Hence, k > n—|B(i)|—1—k > 0. ¢ € (3,1) means
that ¢*(1 — q)”"B(i)‘_l_k > (1-— q)kq”_|B(")‘_1_k and the whole expression is positive. Hence, if
s(i) = w and A(7) > 0 the probability that there are more w signals than b signals is higher than
the probability that there are more b signals than w signals. Hence, if s(i) = w and A(7) > 0 then
ab = W is optimal.

Suppose now that A(i) = —1. Then, the difference between the probabilities is zero since the
multiplier of the first addend is zero and the second addend does not exist. Hence, if s(i) = w and
A(i) = —1 the probability that there are more w signals than b signals is the same as the probability
that there are more b signals than w signals. Hence, if s(i) = w and A(i) = —1 then a} € {W, B} is
optimal.

Suppose now that A(i) < —2. Then, the difference between the probabilities is

GAOFT (1 = )AG)+ .
A+ 4 (1 — )AD+1

| S (n_B(i”_l)[q’fuq)”—'B“)'—l—’“(1q>’fq""3“>‘1"“]

k
n+1 |B(#)|+A>4)
k T_%_l

1
GAOH (1 - ¢)AO+H

X



ni1_ |BOIEAG) g

<[

_n+1_ [B@AI|-A@)
e

_ q)n+A(i)—|B(i)\—k]

n— !Bliz‘)\ — 1) (1 = g)FgmHAM-IBOIk 4 k(g
The second part is positive since ¢ € (%, 1) (the multiplier is positive as every element in the
summation) and A(i) < —2 (there is at least one element). The multiplier in the first expression
is negative since g € (%, 1) and A(i) < —2. Finally, in the second part of the first expression, k >
ol W — 1. Since A(i) < —2 we get k > 2 — @ and therefore k > n — |B(i)| — 1 — k.
By the summation bounds we get that & < n— |B(i)| — 1. Hence, k > n— |B(i)]—1—k > 0.
q € (%, 1) means that ¢F(1 — ¢)* 1BOI=1=k 5 (1 — g)kgn—1B@I=1=k  Thus, the second part of the
first expression is positive and the whole expression is negative. Hence, if s(i) = w and A(i) < —2
the probability that there are more w signals than b signals is lower than the probability that there
are more b signals than w signals. Thus, if s(i) = w and A(i) < —2 a utility maximizer should
choose a? = B.

2=

Thus, when s(i) = w, if A(7) > 0 the optimal choice is a? = W, if A(7) < —2 the optimal choice
is a? = B and if A(i) = —1 both actions are optimal.

Suppose s(i) = b and denote 6(i) = |B'B(i)| — |W!'B(i)| = —A(i). Thus, by the previous proof,
when s(i) = b, if §(i) > 0 the optimal choice is a? = B, if §(i) < —2 then a? = W and if §(i) = —1
then a? € {B,W}. Hence, if s(i) = b then A(i) < 0 implies that the optimal choice is a? = B,
A(i) > 2 implies that the optimal choice is a? = W and if A(i) = 1 both actions are optimal. Finally,
note that the optimal actions for the cases where there is no need to account for signals received by
non-neighbors are compatible with the other cases.

Hence, we showed that for every i € N:

1. Suppose s(i) = w. If Aj(i) > 0 then a? = W, if A1(i) = —1 then a? € {W, B} and if
A1(i) < —2 then a? = B.

2. Suppose s(i) = b. If A1(i) > 2 then a? = W, if A1(i) = 1 then a? € {W, B} and if A;(i) <0
then a? = B.

O]

Lemma
Lemma 4. For every i € N and for every j € B(i):
1. If h3(5,1) = W and h3(j,2) = W then A1(j) > —1.
2. If B}(j,1) =W and h3(j,2) = B then A(j) < —1.
3. If h3(j,1) = B and h(j,2) = W then A1(j) > 1.
4. If K}(j,1) = B and h}(j,2) = B then A(j) < 1.
Proof. By Lemma 2, h(j,1) = W implies s(j) = w. In addition, if h}(j,2) = W then a3 = W. By

Lemma 3 it must be that Aj(j) > —1. Similarly for the other three cases. O
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Lemma 5 (following Proposition 3.2 in ( )

Lemma 5. Leti € N. For everyt > 2 and for every j € N such thatit>j: P(w = WHITE|hL) =

Proof. The guess of agent j in period ¢t — 1, a§_1, depends on hz-_l which includes the guesses of
the agents in B(j) U {j} in periods {1,...,t — 2}. Note that ¢t —2 > 1 and that, by Lemma

(and some abuse of notation), hﬁ_l(j, 1) = s(j). i > j implies B(j) U {j} € B(i) U {i}. Therefore,
h;-fl is a restriction of hﬁfl to the set B(j) U{j}. Since both agents are myopic Bayesian, agent
;—1
ht(j,t — 1) = az-*l does not reveal any new information to agent i. Since this holds for every

1 can use hﬁ_l to calculate a’”~ before he observes it (in the beginning of period ¢). Therefore,

t > 2, the only guess of agent j that agent ¢ cannot calculate in advance is a} = s(7). That is,

P(w=WHITE|h!) = P(w = WHITE|h!(—75), h!(j, 1)). 0

Definition

Definition 1 (Naive Behavior). For everyi € N:
1. t=1: If s(i) = w then a} = W and if s(i) = b then a} = B.
2. t>1:

(a) Suppose a'™t = W. If Ay_1(i) > 0 then al = W, if Ay_1(i) = —1 then al € {W, B} and
if Ap—1(i) < —2 then at = B.

(b) Suppose a;f_l = B. If Ay_1(i) > 2 then al =W, if Ay_1(i) = 1 then a} € {W, B} and if
A;—1(i) <0 then at = B.

Lemma

Let C be a clique in G =< N, E >. For every node ¢ € C we denote the subset of her neighbors that
are not in the clique by B=¢(i) = {j € N\C|ij € E} and their cardinality by b= (i) = |[B=¢(4)].

Lemma 6. Let C = {c1,...,cn} be a clique in G. With no loss of generality, suppose that the
magority of clique members received w as a private signal (|{i € C|s(i) = w}| > |[{i € C|s(i) = b}|).
Denote yo = [{i € Cls(i) = w}| — |{i € C|s(i) = b}|. Consider C = {i € C|b=C(i) < v¢}. If
max, s b~ (i) < 2|/C| —m, then, Vie C,¥t >2:at =W.

Proof. By Definition 1, each agent guesses by her private signal in the first period. Consider ¢ € C.
Agent i observes, at the end of period 1, more W guesses than B guesses, even if all her neighbores
outside C guess B, since b, ¢ < 7. Therefore, she guesses a? = W. If for every member of C we
have b; ¢ < 2|C| — m then for every member of C' we have (m — |C|) + b; ¢ < |C|. That is, every
member of ' has more neighbores that are members of C then neighbors that are not in C. Since
every member of C guessed W in period 2, every member of C observes more Ws than Bs before
guessing in period 3 and therefore guesses a = W. This argument repeats itself in any subsequent
period. Hence, Vi € C,Vt >2:al=W. O
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B Predicted Dynamics: Formal Analysis
B.1 The Complete Network in Both Models
Result 1. Suppose G is the complete network. By both models, ¥i € N:

1. t=1: If s(i) = w then a} = W and if s(i) = b then a} = B.

2. Vt > 1:
(a) If |{j € N|s(j) = w}| > |{j € N|s(j) = b}|: al = W.
(b) If |{j € N|s(j) = w}| < |{j € N|s(j) = b}|: a} = B.

(c) If {j € N|s(j) = w}| = |{j € N|s(j) = b}|, there is no prediction. However, in the naive
model, if at any period t, |{j € N|a} = W}| > |{j € Nla} = B}| then Vs >t :af =W
and if at any period t, |{j € Nla}, = W}| < |{j € Nla} = B}| then Vs >t : af = B.

Proof. Let us begin with the Bayesian model. By Lemma 1, when ¢ = 1, each player guesses by
her signal. For ¢t > 1, note that since G is complete, for every agent i, B(i) = N\{i}. Suppose,
first, that |{i € N|s(i) = w}| > |{i € N|s; = b}|. If s(i) = w then A;(i) +1 = |{i € N|s(i) =
w}| — |{i € N|s(i) = b}|. That is, A1(i) +1 > 0 or A1(i) > —1. By Lemma 3, a? = W. If s(i) = b
then Ay(i) —1=|{i € N|s(i) = w}| — |{i € N|s(i) = b}|. That is, A;(i) —1 >0 or A;(i) > 1. By
Lemma 3, a? = W. Moreover, since there is no additional information to be revealed, if a? = W
then a! = W for all ¢ > 1. Similarly, for the case where |{i € N|s(i) = r}| < |{i € Nl|s; = b}|.
When |{i € N|s(i) = w}| = |{i € N|s; = b}|, by the same argument a? = {W, B}. Since there is no
additional information to be revealed and since we assume nothing about behavior when there is a
tie, we can predict nothing about the guesses for all ¢t > 1.

By Definition | when ¢ = 1, each player guesses by her signal. In the complete network,
there is one all-inclusive clique. Hence, for every node i we have b, ¢ =o. By Lemma 6, if
{i € N|s(i) = w}| > |{i € N|s(i) = b}|, al = W for all ¢t > 2. Similarly, for the case where |{i €
N|s(i) = w}| < |{i € N|s(i) = b}|, al = B for all t > 2. If |{i € N|a} = W}| = |{i € N|a} = B}
then ag = {W, B} and no prediction is available for subsequent periods. Note, however, that by

similar considerations, once majority forms, it is sustain in all subsequent periods. O
B.2 Single Aggregator Networks in the Bayesian Model
Result 2. Suppose G is a network with a single aggregator. By the Bayesian model:

1. For the aggregator:

(a) t=1: If 5(i) = w then a} =W and if s(i) = b then a} = B.
(b) t>1:

i. If [{j € Ns(j) = w}| > [{j € N|s(j) = b
ii. If |{j € Nls(j) = w}| < [{j € N|s(j) = b
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ii. If |{j € Nis(j) = w}| = [{j € N|s(j) = b}|, af € {W, B}.
2. For a non-aggregator j € N\{i}:
(a) t=1: If s(j) = w then ajl- =W and if s(j) = b then a} = B.

(b) t=2:
i. Suppose s(j) = w. If Ai(j) > 0 then a? =W, if Ai(j) = —1 then a? € {W,B} and
if A(j) < -2 thena = B.
i. Suppose s(j) =0b. If A1(j) > 2 then a =W, if A1(j) =1 then aJQ- € {W, B} and if
Aq (g )<Othena = B.

(c) t>2:a} =al™t

Proof. By Lemma 1, all agents guess their private signal in ¢ = 1. By Lemma 3, all agents
guess the majority of their local neighborhood signals. By Lemma 5, the aggregator cares only
about the signals of the other agents and therefore keeps his ¢t = 2 guess until the game ends.
Since the aggregator is strictly better informed than all the agents in the network, by definition,
Vj e N\{i} : C(j) = {i}. By Proposition 1, all the non-aggregators optimize by imitating the
aggregator starting from ¢ = 3. ]

B.3 Star Networks in the Naive Model

Claim 1. Suppose G is a star network where i is the aggregator. For every period t, partition the leafs
to Lt = {k € N\{i}|al, = at} and M* = N\(L*U{i}). Then, by the naive model, Vk € L! : al'" = al
and Yk € M" there is no prediction for a,t'H Let —al = B if al = W and —al = W otherwise. Then,

1. If LY + 1> |MY| then a't! = at.
2. If |LY| + 1 < |M?| then o't = —at.
3. If |ILY| + 1 = |M?| then there is no prediction for ai™.

Proof. L' and M! partition the leafs by their guesses in period t. By Definition |, leafs in L! observe

the aggregator guess al and their own guess af, = a! and therefore keep their guess (a'' = af).

t

Leafs in M", on the other hand, observe the aggregator guess a! and their own guess a}, = —a! and

therefore there is no prediction for their guess in period ¢ + 1. The aggregator observes all guesses

made in period ¢. If she observes more guesses of a! (|L|+1 > |M"|) she keeps her guess (a; = =al)
while if she observes more guesses of —af (|L| + 1 < |M?|) she switches her guess (a!t! = —af). If
she observes a tie then we have no prediction for her next guess. O

Result 3. Suppose G is a star network where i is the aggregator. By the naive model:

1. If the aggregator recieved a private signal that corresponds to the majority’s signal, then, all
the participants that recieved the majority’s signal guess by that signal in any future period.
There is no prediction as to the guesses of the other participants. However, if at any period

they guess by the majority’s signal, they never switch back.
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2. If the aggregator recieved a private signal that corresponds to the minority’s signal:

(a) t =1: Every participant guesses by her own private signal.

(b) t =2: The aggregator switches. Participants that recieved the minority’s signal keep their
guesses and there is no prediction as to the guesses of those who recieved the majority’s
signal.

(c) t>3:

7. If aﬁ_l coincides with the majority of period t — 1’s guesses, the future dynamics is
similar to case

7. If af_l coincides with the minority of period t — 1’s guesses, the dynamics is similar
to case

1. If there is a tie in period t — 1, the future dynamics is similar to case

3. If there is a tie in the signal’s distribution, participants that got the same signal as the
aggregator keep their guesses. There is no prediction as to the guesses of the others (including
the aggregator). If the aggregator has not switched then the dynamics continues as either

or . If he has switched every dynamics in “2c is possible.

Proof. First, suppose the aggregator recieved a private signal that corresponds to the majority’s
signal. By Definition |, L' includes all the leafs that got the majority’s signal while M includes all
the leafs that got the minority’s signal. Hence, by Claim | the aggregator and the members of L'
keep their guess in period 2. In fact, [L?| + 1 > |L'|+1 > |[M!| > |M?|. Hence, by Claim | the
members of L' and the aggregator, keep their guesses also in t = 3. This continues indefinitely.
Note that once a participant becomes a member of L, she will always guess the same guess as the
aggregator, that is, she will not switch to be a member of M*® for any s > t.

Second, suppose that the aggregator recieved a private signal that corresponds to the minority’s
signal. By Definition |, every participant guesses by her private signal in ¢ = 1. Also by Definition I,
the aggregator switches, participants that recieved the minority’s signal keep their guesses and there
is no prediction as to the guesses of those who recieved the majority’s signal. Therefore, the relation
between |L?| + 1 and |M?| is unclear. By Claim 1, if |L?|+1 > |M?| (case ) the aggregator and
the members of L? keep their (correct) guesses and the members of M? may switch to that later in
the game. Also by Claim 1, if |L?| + 1 < |[M?| (case ) the aggregator switches, the members
of L? keep their guesses and the guesses of the members of M? cannot be predicted. Before the
following period, the relation between |L3| 4+ 1 and |M?3| is unclear. Again, by the same arguments,
if the aggregator’s guess coincides with the majority of period 3 guesses, the aggregator’s switching
is done and the majority of players keep their guess. Otherwise, the aggregator switches. This
continues iteratively.

Finally, in any case of a tie (case 3 and case ), the considerations are almost identical
to those used for the case where the aggregator recieved a private signal that corresponds to the
minority’s signal. The difference is that in the current period the aggregator’s guess cannot be
predicted (Claim ). O
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B.4 Connected Spokes Networks in the Naive Model

Result 4. Suppose G is a connected spokes network where i is the aggregator and {Cy,...,Cp} is
the collection of cliques. Suppose agents behave according to the naive model. In the first period all

agents guess by their signal. For every clique C; € {Cy,...,Cp}:
1. |{k € Cjla} = W}| > [{k € Cjla} = B}| implies Vk € C;\{i},Vt > 2 :al, = W.
2. {k € Cjlaj = W}| < |{k € Cj|at = B}| implies Vk € C;\{i},Vt > 2 : al = B.

3. {k € Cjlaj, = W}| = |{k € Cjlaj. = B}| implies Vk € C;\{i} : a = {B,W}. If in any
subsequent period majority forms in C;, all members, excluding i, follow the popular guess

and never change.
4. Yt >2:

{k € N|at™' = W}| > |{k € Nla}, ' = B}| implies al = W.
[{k € N|at™' = W}| < |[{k € Nlai ' = B}| implies a} = B.
[{k € N|at™' = W}| = |[{k € Nl|a, ' = B}| implies a} = {B,W}.

Proof. By the definition of a connected spokes network, every non-aggregator is a member of a
single clique in G. Moreover, all non-aggregators have no neighbores outside their clique. That is,
Vi € N\{i} : b=%(j) = 0 where C; is the clique that includes player j. Also note that, in every
clique, the aggregator has at least 5 outside the clique (minjcgy . ) bCi (i) > 5).

Hence, for every C' € {C1,...,Cy}, unless |C| is even and the signals are distributed equally
among its members, C=N \{i} since § > y¢ > 0. By Lemma 0, the non-aggregator members of
the clique guess in the second period by the local majority in the first period and never change their
guess afterwards.

If |C] is even and the signals are distributed equally among its members then C = 0. In the
second period the aggregator guesses by the global majority while the non-aggregators’ guesses are
undefined. If some majority is formed by the guesses of the clique members in the second period,
the non-aggregators follow it and never change afterwards. If no majority forms, then again the
aggregator guesses by the global majority while the non-aggregators’ guesses are undefined, and so
on, until a majority is formed.

The aggregator guess in each period by the majority across all players. Hence, if all non-
aggregators cease to change their beliefs in period ¢, the aggregator ceases to change in period t + 1,
at the latest. If none of the cliques is such that |C| is even and the signals are distributed equally

among its members, then ¢ = 2. O

B.5 One Gatekeeper Networks in the Naive Model

Result 5. Suppose G is a One Gatekeeper network. Denote the aggregator by i, the other core
members by C(G) = {j1,...,Jm} where m is even and the leafs by K(G) = {k1,...,kn} where
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n =m+ 1. For every period t, partition the leafs to L' = {k € K(G)|a}, = al} and M' = K(G)\L'.
With no loss of generality, assume that w is the majority signal ([{h € Nl|s(h) = w}| > |[{h €
N|s(h) = b}|). By the naive model:

1. If {h € C(G) U {i}|s(h) = w}| > |[{h € C(G) U {i}|s(h) = b}| and s(i) = w, then, from t > 2,
all the participants guess correctly, excluding, maybe, the leafs that recieved incorrect signals.

If at any period they guess correctly, they never switch back.
2. If {h € C(G) U{i}|s(h) = w}| > [{h € C(G) U{i}|s(h) = b}| and s(i) = b, then,

o t =2: The aggregator and the members of C(G) guess correctly, leafs that recieved a

wrong signal guess incorrectly and there is no prediction for the other leafs.

e t>3: Denote Dy = M* N L2. If Dy, is non-empty, the aggregator, the members of C(G)
and the members of Dr guess correctly. There is no prediction for the guesses of the
other leafs. If Dy, is empty, then the members of C(G) guess correctly, but there is no

prediction for the guesses of the aggregator and the leafs.

3. If {h € C(G) U {i}|s(h) = w}| < |{h € C(G) U{i}|s(h) = b}| and s(i) = w, then,

e t =2: The aggregator and at least "%rl leafs that recieved the correct signal guess correctly.

The m members of C(G) guess incorrectly. There is no prediction for the (at most ”T_l)

leafs that recieved the incorrect signal (M*').

o t>3: Suppose all M' members guessed correctly in t = 2. Then, the aggregator and
all the leafs guess correctly while all the members in C(G) guessed incorrectly. Nobody
switches in any t > 3. If at least two M members guessed incorrectly in t = 2. The
aggregator switches. If any of the M? members keeps his second round guess, an incorrect
magjority forms where the aggregator, the members of C(G) and L* will not switch back.
Otherwise, there is a tie int = 2 or t = 3 and there is no prediction for the aggregator’s

and the leafs’ guesses.
4. If [{h € C(G) U {i}|s(h) = w}| < |{h € C(G) U {i}|s(h) = b}| and s(i) = b, then,

o t=2: The m members of C(G) and leafs that got the wrong signal guess incorrectly.

n+1

The aggregator guesses correctly and there is no prediction for the guesses of at least ™5

leafs that recieved the correct signal.

e t > 3 : Suppose all the leafs guess correctly int = 2 (L*> = K(G), M? = (). Then,
the aggregator and all the leafs guess correctly while all the members in C(G) guessed
incorrectly. Nobody switches in any t > 3. Now suppose that M? includes at least two
agents. There is an incorrect magjority in t = 2. Since the aggregator switches to the
wrong guess, if any member of M? keep his guess, there is a wrong majority and nobody
switches in any t > 3. Otherwise, there is a tie and no prediction for the aggregator’s

and the leafs’ guesses.
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Proof. First, suppose that the signal recieved by the majority of all agents is the same as the signal
recieved by the majority of the members in C(G) U {i}. By Lemma 0, all members of C(G) follow
the majority signal from ¢ > 2. If the aggregator recieved the majority signal, then, since there are
m+n+1=2(m+ 1) nodes, there is at least one leaf that also recieved the majority signal. In
t = 2 the aggregator keeps her guess (since it is the majority signal) and also every leaf (k € K(G))
that recieved the majority signal keeps his guess since a,lC = a}. Therefore, the aggregator guesses
with the majority of the guesses and does not switch at any subsequent period. The leafs that
recieved the majority signal do not switch. Hence, if the aggregator recieved the majority signal,
from ¢t > 2, all agents, excluding the leafs that recieved the minority signal, guess correctly. There
is no prediction for the leafs that recieved the minority signal, but once they switch they do not
switch back.

If the aggregator recieved the minority signal then, since there are m +n + 1 = 2(m + 1) nodes,
there are at least two leafs that recieved the majority signal. In ¢ = 2, by Lemma 0, all members
of C(G) follow the majority signal. The aggregator also follows the majority signal. Every leaf
(k € K(Q)) that recieved the minority signal keeps his guesses since a}c = a}. There is no prediction
regarding the leafs that recieved the majority signal. If at least one of them guesses by the majority
signal, then there is a majority for this guess which remains in all subsequent periods (due to
Definition | and Lemma ). However, if all the leafs that recieved the majority signal switch to the
minority signal there is a tie in ¢ = 2, where the aggregator and the core members guess by the
majority signal and the leafs guess by the minority signal. In this case there is no prediction for the
subsequent guesses of the aggregator and the leafs.

Next, suppose that the signal recieved by the majority of all agents is not the signal recieved by
the majority of the members in C(G) U {i}. By Lemma 0, all members of C(G) follow the minority
signal from ¢ > 2. Suppose the aggregator recieved the majority signal. If all of M leafs switch in
t = 2, then there is a correct majority since the aggregator and all the leafs guess correctly. In this
case, no agents switch at any subsequent period. However, if at least two of the leafs that recieved
the wrong signal, guess incorrectly also in ¢ = 2, then the wrong majority forms in the second period.
As a result, in the third period, the aggregator switches. If any one of the leafs guesses incorrectly
in t = 3, an incorrect majority forms. This incorrect majority will not be resolved. Other cases lead
to ties (e.g. when one M leaf guess incorrectly in ¢ = 2 or when no leaf guesses incorrectly while
the aggregator switched in ¢ = 3). In these cases the dynamics cannot be predicted.

Finally, suppose the aggregator recieved the minority signal. Therefore, he switches in t = 2.
If L? = K(G) and M? = {) there is a correct majority where no agent wants to switch in ¢ > 2.
Otherwise, in ¢t = 2, the aggregator guesses correctly, but the members of M? guess incorrectly
as do the m agents in C(G). Therefore, if M? includes at least two agents, there is an incorrect
majority in t = 2 and the aggregator switches in t = 3. For this switch to become permanent, at
least one member of M? should guess incorrectly in ¢t = 3. Otherwise, there is a tie and there is no

prediction regarding the future guesses of the aggregator and the leafs. O
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B.6 Symmetric Core Periphery Networks in Both Models

Let N = N1 U Nz where [N1| = § and |[Na| = 5. A Symmetric Core Periphery network is defined
by a function F': Ny — Ny which is a bijective function that assigns a distinct member of Ny to
each member of NV;. Denote its inverse by G : Ny — Nj. Then, Vi € Ny : B(i) = [N1\{i}] U {F (i)}
and Vj € Ny : B(j) = {G(j)}. Denote A = |{j € Ny|s(j) = w}| — |{j € Ni|s(j) = b}| and
A = |{i € Nls(i) = w}| — |[{i € Nls(i) = b}].

Result 6. Suppose G is a Core Periphery network. By both models:
1 IfA>1,Vie N, Vt>2:al =W.
2. If A< —1,Vie N|,Vt >2:al = B.
3. IfA =0, then

(a) Vi € Ny:a? = a};(.).

(b) If A >0, Vi € N;,Vt>3:al
(¢c) If A <0, Yie Ni,Vt>3:al
(d) If A =0 there is no prediction from t > 3.

=W.
= B.

t
7
t _
)

4. IfA € {—1,1}, there is no prediction from t > 2.

5.¥:j € No:

(a) In the Bayesian model: ¥t > 2 : a = atG(l)

(b) In the naive model: there is no prediction from t > 2 unless (i) If s(j) = w, A > 1 and
s(G(j)) = w then ¥t > 2 : a’ = W or (i) If s(j) = b, A < =1 and s(G(j)) = b then
Vt>2:at = B.

Proof. We begin with the Bayesian model. First, consider the leafs (members of N3). By Lemma
every agent in the network guesses her signal in the first round. By Lemma 3, in the second round
they guess their signal if al = ab( ) and we have no prediction for their guess in the case where
a} #* aé(j). By Proposition 1, Vj € No,Vt > 2: a = atG(l)

Next, we consider the core members (members of N1). By Lemma | every agent in the network
guesses her signal in the first round. Each member of the core observes, before the second round,
the guesses of her & neighbors: § — 1 are the other core members and the additional neighbor is the
periphery member that is linked to her. Suppose A > 1. Consider some core member i € Ny. If
s(i) = w and s(F(i)) = b then A;(i) = A—1—1> 0. In addition, if s(i) = w and s(F(i)) = w then
A1(i) = A—1+1 > 0. If on the other hand s(i) = b then if s(G(i)) = b we get Ay(i) = A+1—1>2
while if s(G(i)) = w we get Ay(i) = A+1+1> 2. Hence, if s(i) = w we get Ay(i) > 0 while if

s(1) = b we get Ay(i) > 2. Therefore, by Lemma 3, the optimal guess for every core member i € N;

in the second round when A > 1 is a? = W. Importantly, note that when A> 1, the optimal guess
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of each core member ¢ € N; is independent of the signal of her non-core neighbor. This implies
that in the case of A > 1, the core members know each others’ second round guesses before they
observe it. In addition, by Lemma 5, they learn nothing from the guess of their non-core neighbor
in the second round. As a result, in the case of A> 1, the core members learn no new information
at the end of round 2. Since they are myopic (so there is no manipulation to extract additional
information in the future) and since they were not indifferent in their second round guess, their
optimal guess in the third round is a = W. The same argument determines the optimal behavior
in subsequent periods as well. Therefore, if A> 1, Vi € Ny,Vt > 2:al = W. Similarly, if A< -1,
Vi € Ny,Vt >2:a! = B.
Suppose that 5 is even. Then, the only case left to study is when A = 0. In this case, by Lemma
, each core member i € Ny guesses in the second round by the signal of her leaf, a7 = a},(i), since
the signals of the core members cancel out. Therefore, before the guesses of the third round, every
member of the core knows the exact distribution of signals in the network. Hence, they all agree
and guess the overall majority (if such exists) beginning at period 3. If there is a tie, we cannot
predict their behavior.

Finally, suppose that 5 is odd. Then, if 1 > A > —1 it must be that A € {—1,1}. Consider
agent i € N1, denote the majority signal among the members of the core by m € {w,b}. By Lemma

, agent i knows s(F(i)). If s(F(i)) = m then a? = M, that is, the guess reflects the majority signal.
However, if s(F(i)) # m then agent i observes a tie in her a local neighborhood and therefore
a? € {W, B}. That is, every core member who guessed not M has a periphery agent connected to it
that got a signal which is not m. However, if a core member guessed M, the signal received by the
periphery agent connected to her cannot be deduced. Since we assume nothing on the choice of the
agents in case of a tie, we cannot predict the behavior of the core agents.

Next, we study the Naive model. Definition | implies that each agent guesses by her own
private signal. Note that for every member of the core (i € Ny) we have b~ (i) = 1 since each core
member maintains a link with one periphery member. Therefore, if vo = A>1 then, by Lemma 0,
Vi € N1,Vt > 2:al = W. The leafs guess in the first round by their private signal. In the second
round they stick to the same guess if they recieved the same private signal as their core-member
neighbor. Otherwise, by Definition |, we cannot predict their guess. For t > 3, a leaf that guessed
W in the second round will guess W throughout the game. Otherwise we cannot predict their
guesses.

Similarly, if A< —1, Vi € Ny,Vt > 2 : al = B. The leafs behavior is such that if both a leaf and
his core-member neighbor recieved a private signal b, he guesses B throughout the game, otherwise
his behavior cannot be predicted.

Suppose that 5 is even. Then, the only case left to study is where A = 0. In this case, by
Definition 1, each core member i € N; guesses in the second round by the signal of his leaf, a? = a},(i),
since the signals of the core members cancel out. Since 5 is even, if there is no global tie, it must
be that A > 2 or A < —2. In addition, since the signals of the core members cancel out, then the

difference is attributed to the leafs’ signals. Furthermore, since we have shown that in this case, the
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private signals of the leafs are the guesses of the respective cores in the second round, if there is
no global tie, if A > 2 all core members guess W throughout the game while if A < —2 all core
members guess B throughout the game, independently of the second round guess of their respective
periphery neighbores. Otherwise, if there is global tie (A = 0) then in the third round, the core
members guess as their respective leaf neighbors guessed in the second round (a3 = a%(i)). Since we
cannot predict the guesses of the leafs in the second round, we cannot predict the guesses of the
core members from the third round onward.

Finally, suppose that § is odd. The cases left to characterize are where Ae {-1,1}. Since in
many cases we cannot predict the second round guess of the leafs we cannot determine the third
round guesses of the core members in this case. Note, in relation to the cases where we cannot
determine the behavior of the core member, that if at any round we get A >2or A < -2 the

guesses of all core members are set to the popular guess throughout the game. O

B.7 Two Cores with One Link in the Bayesian Model

Let N = Ny U N where [N1| = § and [N2| = §. Ni and Ny are cliques of size 5. Let agents
i€ N1 and agent j € Ny be the two connectors, that is, E N {kl|k € N1,l € No} = {ij}. Denote
Nt = Ni\{i}, N7 = Ny U {j}, N;7 = No\{j} and N5* = Ny U {i}. Denote the number of w
signals in Nl, {l € N1|s(l) = w}l by n1w. Similarly, we denote the number of w signals in Ny,
N , No, Ny7 and N by nlw, nfw, Now, Mo, and n2w, respectively. Finally, denote the number
of w signals among the connectors by w;; = [{k € {7,j}|s(k) = w}| (note that w;; is known to both

agent 7 and agent j).

Result 7. G is a Two Cores One Link network with n = 18 agents and the probability to receive a

correct signal is ¢ = 0.7. By the Bayesian model:
1. Vk € N: If s(k) = w then al. = W, otherwise, a}, = B.
2. Vk € Nl_i: If nyy > 4 then a% =W, otherwise, ai = B. In addition, Vt > 2: a}, = al;_l.
3. Vk e NQ_j : If noy, > 4 then az =W, otherwise, a% = B. In addition, ¥t > 2: az = a§_1.
4. Second round for the connectors:
. [fnir > 5 then a;

W, if nlw <5 then a? = B, otherwise, a? € {B,W}.

2 _ 2 _
K3 (]
o If n; > 5 then a? W, if an < 5 then a? B, otherwise, ajz e {B,W}.

5 If a? = a? then Vt > 2: af = o, = a?.

6. If a} # ajl and a? # a? then with no loss of generality assume a? = W. Denote K = nl_lf) :

3 A failure may occur only if three subjects in N, ¢ three subjects in N, 7 and the two connectors recieve the same
signal while all the others recieve the opposite signal and a? = a2 =ai = a . The probability for this distribution of
signals is 0.69%. Since we assume no tie breaking rule, 0.69% is an upper bound for the unconditional probability of

such a failure.
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(a) If ny) > 8 — K then denote K =7 —ny?:
« FR>4:Y(K—1)>t>3:d}=Wd =B
th>K:a~:a§-:W.

(b) If ny) <8 — K then

« IfK>5: V(K- 2) t>3

||
=

I
o

e Vt>K—1:al=d'=B.
(¢) If ny) =8 — K then
« IfK=4thena}=B,a}=W and¥t>4:a} € {B,W},d; e {B,W}.
e IfK€{56,7} then V(K —2)>t>3:al=W,a =B anda] ' = B,al ' =W
and Vt > K : af € {B,W},a’ € {B,W}.
e IfK =238 thenV(K—2)2t23:a§:W,a§ =BandVt>7T:al € {B,W},ad} €
{B,W}.
7. Ifal = ajl- and a? # a? then with no loss of generality assume a} = a} =a? = W. Denote
K =nl,:
(a) If ny) >7— K then denote K = 6 —ny? :
e IfK>4: V(K —-1)>t>3: af =W,d’ = B.
. Vt>K:a-:a§:W.
(b) If ny) <7— K then

. IfK:3andn2_lf)<3:VtZS:a’?:a;:B.
« IfK=3andny) =3:a}=D,a}=W and ¥t > 4:a} = at = B.
o IfK>5:Y(K—2)>t>3:a;=W,d;=B.
. IfK24:Vt2K—1.ai:a§-:B.
(c) Ifnii:?—K then
o If K =4 then
—aszanda?:W.
— Vt >4:al € {B,W}. Denote t¥ = min{t > 4|al = W}.
— YtV >t>4:a =B and vt >t} : d} € {B,W}
o If K € {5,6} thenV(K—2)2t23:a§:I/V,a§-:Bandafﬁl:B,aijleV
and Vt > K : at € {B,W},az e {B,W}.
o If K =T then
—ag’:af:a?:Wanda?:a?:a?:B.
— Vt>6:al € {B,W}. Denote t? = min{t > 6|al = B}.
—VtP >t >6:af =W and Vt > tP : al € {B,W}
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Proof. All agents are myopic Bayesian utility maximizers and that is a common knowledge. By
Lemma | all agents are guessing their signal in the first period (Result 7.1) and by Lemma 3 in the
second period each agent chooses her action by the most popular signal in her local neighborhood
(Result 7.1 and the first part of results 7.2 and 7.3). By Proposition | the non-connectors imitate
the connector to whom they are linked (the second part of results 7.2 and 7.3). Therefore, the
dynamics is determined by the actions of agent 7 and agent j, the connectors, starting from ¢ = 3.

First, suppose the connectors agree in the second round, that is, a? = a?. With no loss of
generality, consider the case where a? = aJQ» = W. At the beginning of the third round, agent i
knows that agent j guessed W in the second round only if n,) > 5 — w;;. Recall that agent i herself
guessed W in the second round, therefore, nltf] > 5. Thus, the only case where agent ¢ may attribute
positive probability to the event that the total number of w signals is lower than 9 (the minimum
required for a} = a? = W to be optimal) is when n},) = 3 and w;; = 2. In this case, if ”;UJ; = 3 then
the unique optimal guess is a} = B while if ngjj > 5 then the unique optimal guess is a3 = W. The

conditional probabilities of these events are:
p(nyl = 3[ngt = 3,wi; = 2,057 >3) = 021" p(ngl > 5|nyl = 3, wij = 2,057 > 3) ~ 0.6

2 = a? = W, the optimal guess for agent i is aj = W. This is

naturally true also for the other connector, that is, a? = W. Note that (i) The non-connectors

Therefore, in the case where a

are non-informative to the connectors starting from the second round (Lemma 5) and (ii) Each
connector knows already after the second round that the other connector observes at least 5 — wj;
supporting signals that she cannot observe. Hence, the third round provides no new information.
Therefore, both will keep their guesses unchanged until the end of the game (Result 7.5). The
unconditional probability for the signal distribution to be such that ny! = 3, nQ_qj =3 and w;; = 2
is approximately 0.34%. By symmetry, the probability for a similar distribution for the b signals is
identical. Therefore, the probability for this case is approximately 0.69%. Since no prior on the tie
breaking rule is assumed, 0.69% serves as an upper bound for the probability of failure.

Next, we study the case where the connectors disagree both in the first round (a} # a}, that is,
w;j = 1) and in the second round (a? # a?). With no loss of generality, let us consider the case
where a? = W and focus on the considerations of agent i. At the beginning of the third round,
agent ¢ knows that since agent j guessed B in the second round it must be that n;uj} <4.

Let us first attend to the case where nl_uij = 5. In this case, a,;?’ = W is the unique optimal guess

3 % (3)0.7°0.3% x (3)0.7°0.3° x (5)0.7°0.3° + 1 x (5)0.7°0.3° x (3)0.7°0.3% x (3)0.7°0.3
hes |3 % (5)0.730.3° x (2)0.720.3° x (7)0.750.3%~F + £ x (3)0.7°0.3% x (3)0.700.32 x (})0.78-%0.3]

x (3)0.7°0.3° x (3)0.7°0.3° x (})0.7%0.3%"*
x (5)0.730.35 x (3)0.720.3% x (}})0.7+0.38~*

(5)0.7°0.3% x (3)0.7°0.3% x (}})0.7°7*0.3%]
(5)0.750.33 x (3)0.7°0.3% x (}})0.78-+0.3%]
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for agent ¢ if nQ_j) = 4 while a} = B is the unique optimal guess for agent i if nglf) < 2. We compare

these two conditional probabilities:
p(ngli = 4|ny} =5,wij = l,n;u{ <4)~0.44 p(ngli < 2|nyl = 5,wi = 1,n§$ <4)~0.31

Therefore, in the case where a} # ajl-, a? # aJZ and a? = W if nj} = 5 the optimal guess for agent i
is a3 = W. Since the draws are independent, the probability that a} = W is optimal, monotonically
increases with the number of agents in Ny * that recieve the signal w. Therefore, if n;;, > 5 the
optimal guess for agent i is aj = W. If nl_uij < 3, agent ¢ would have agreed with agent j on B in
the second round. Therefore, to complete the optimality analysis of the third round when a} # a},
a? # a?- and a? = W, it is left to consider the case where ny,, = 4. However, in this case, a = W is
never the unique optimal guess for agent i. Therefore, it is optimal for agent i to guess ai = B.
That is, agent ¢ switches to the second round guess of agent j if and only if nl_ui) =4.

If both connectors switch, then it must be that there are exactly 9 signals of each color. That is,
Vt>4:a; € {B,W},d; € {B,W}. In addition, if only one of the connectors switches, it is clear
that the switch was in the correct direction. That is, if a? # a3 = a3 = a? then V¢t > 4: al = af = a?

and if a? = a} = a? =+ a? then V¢ >4 : al = a§- =a?. Asa result,]it is left to study the guesjses ojf
the connectors from the fourth round onward when both did not switch between the second round
and the third round, a; # ajl», a? # aJQ- and a3 # af; .

Let us focus on the considerations of agent 4 in the fourth round. At the beginning of the fourth
round, agent ¢ knows that agent j guessed B in the second and third round only if n;ﬂg) < 3. Let
us first attend to the case where nj,) = 6. In this case, a} = W is the unique optimal guess for
agent ¢ if n;j} = 3 while a} = B is the unique optimal guess for agent i if n;u]] < 1. The conditional

probabilities of these events are:

p(nQ_UJJ = 3|nyl = 6,w;j = l,nZ_UJ; < 3) = 0.65 p(nQ_UJJ < 1lny) = 6,w;; = l,nZ_UJ; <3)~0.12

6
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Therefore, in the case where a} # a1 a? = a} # a3 =a? and a? = W if nﬂf; = 6 the optimal guess

for agent ¢ is a = W. Using a sunllar argument as befojre if nlw > 6 the optimal guess for agent ¢
is af = W. If nlw < 4, agent ¢ would have agreed with agent j on B in the second or third round
(or implement her tie breaking choice). Therefore, to complete the optimality analysis of the fourth
round when a} # ajl-, a? =a} # a;’? = aj2~ and a? = W, it is left to consider the case where ny;" = 5.
However, in this case, af = W is never the unique optimal guess for agent ¢. Therefore, it is optimal
for agent i to guess aj = B. That is, agent i switches to the second round guess of agent j if and
only if ny;! = 5.

If both connectors switch, then it must be that there are exactly 9 signals of each color. That
is, Vt > 5 : af € {B,W},a; € {B,W}. In addition, if only one of the connectors switches, it is

clear that the switch was in the correct direction. That is, if a? = a3 # a} = a;* = a? = ajz then
Vt24:a§:a§-:aj2~ andifa%:ag’:af:aﬁ#aﬁzai thethZélzaﬁza;:a%. As a result, it

is left to study the guesses of the connectors from the fifth round onward when both did not switch
between the third round and the fourth round, a} # a ,a? =al =a} # a = a? = a?

Let us focus on the considerations of agent i in the fiftth round. At the beginning of the fifth
round, agent ¢ knows that agent j guessed B in the second, third and fourth round only if n,,’ < 2.
Let us first attend to the case where nlw = 7. In this case, a} = W is the umque optimal guess for
agent ¢ if n2w = 2 while a? = B is the unique optimal guess for agent i if Ny = 0. The conditional

probabilities of these events are:

p(ny) = 2|nyl = 7,wij = 1,n57 <2) ~ 0.8 p(ny) < 1|nyl = 7,wij = 1,157 < 2) ~0.03
Therefore, in the case where a} # al a? =a} =a} # a4 = a? = a? and a? = W if nj,} = 7 the

optimal guess for agent i is a} = W. Using a similar argument as before, if nlw > 7 the optimal
guess for agent i is a = W. If ”1w < 5, agent ¢ would have agreed with agent j on B in the second,
third or fourth round (or implement her tie breaking choice). Therefore, to complete the optimality
analysis of the fifth round when a} # ajl., a? = a} = a} # a? = a? = a? and a? = W, it is left to
consider the case where nl_j) = 6. However, in this case, a5 = W is never the unique optimal guess
for agent i. Therefore, it is optimal for agent i to guess a} = B. That is, agent i switches to the
second round guess of agent j if and only if nlw =6.

If both connectors switch then it must be that there are exactly 9 signals of each color. That

is, Vt > 6 : af € {B,W},a; € {B,W}. In addition, if only one of the connectors switches, it is

10
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clear that the switch was in the correct direction. As a result, it is left to study the guesses of the
connectors from the sixth round onward when both did not switch between the fourth round and
the fifth round, al;&a a; —a3—a§l:a?7éaj5~:a?:a?:aj2~.

Let us focus on the considerations of agent ¢ in the sixth round. At the beginning of the sixth
round, agent i knows that agent j guessed B in the second, third, fourth and fifth round only if
nzjf} < 1. Note that if nfyi < 6, agent ¢ would have agreed with agent 7 on B in the second, third,
fourth or fifth round (or implement her tie breaking choice). If ny’ = 7 then af = W is never the
unlque optimal guess for agent i. Therefore, it is optimal for agent i to guess a® = B. However, if
nlw =g, ai = B is never the unique optimal guess for agent i. Therefore, it is optimal for agent
i to guess a¥ = W. If both connectors switch, then it must be that there are exactly 9 signals of
each color. That is, Vt > 7:al € {B,W}, a§- € {B,W}. In addition, if only one of the connectors
switches, it is clear that the switch was in the correct direction. As a result, it is left to study the
guesses of the connectors from the seventh round onward when both did not switch between the

fifth round and the sixth round, a} # ajl-, a?=a}=a}=a} =adf # %6 =al=at=al= a?. In

that case, at the beginning of the seventh round, both agents understand thatjnqu i 8 arid nz_lf) =0
since otherwise switches would happen earlier. Hence, it must be that there are exactly 9 signals of
each color. That is, V¢t > 7 : a! € {B,W}, a? € {B,W}. This completes the proof of result

Finally, we attend to the case where the connectors agree in the first round (al1 = ajl, that is,
wij € {0,2}) but not in the second round (a7 # a3). With no loss of generality, let us consider the
case where w;; = 2 and a? = W and study the considerations of both agents in the third round. At
the beginning of the third round, agent ¢ knows that since agent j guessed B in the second round it
must be that n2w < 3. At the same time, agent j knows that since agent ¢ guessed W in the second
round it must be that ny’ > 3.

Let us first attend to the choice of agent ¢ in the third round. We begin with the case where
ny. = 5. In this case, a} = W is the unlque optimal guess for agent i if n,) = 3 while a} = B is the

unique optimal guess for agent 4 if n,’ < 1. We compare these two conditional probabilities:
p(nyl = 3| = 5,wij = 2,157 < 3) = 0.65 p(nyl < 1|nid =5, wij = 2,n57 < 3) ~ 0.12

Therefore, in the case where a} = 1 =W, a? # a2 and a? = W if nl_tf, = 5 the optimal guess for
agent i is a} = W. Using a similar argument as before, if ”1w > 5 the optimal guess for agent i

isa} =W. If nlw < 2, agent ¢ would have agreed with agent 7 on B in the second round. Now

12
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consider the case where ny,) € {3,4}. In these cases, a} = W is never the unique optimal guess for
agent i. Therefore, it is optimal for agent i to guess aj = B. That is, agent i switches to the second
round guess of agent j if and only if nl_qf) € {3,4}.
Now we attend to the choice of agent j in the third round. We consider two cases. First, the case
3

where nQ_UJJ = 3. In this case, aj = W is the unique optimal guess for agent j if ny > 5 while a? =B

is the unique optimal guess for agent j if nfui} = 3. We compare these two conditional probabilities:

p(nyl > 5lny? = 3,wij = 2,0y} > 3) ~ 0.6 p(nyl = 3[nyl = 3, wi; = 2,07} > 3) = 0.21

Second, the case where n;lﬁ = 2. In this case, a? = W is the unique optimal guess for agent j if
ny. > 6 while a? = B is the unique optimal guess for agent j if ny,) < 4. We compare these two

conditional probabilities:

p(nyl > 6|nyd = 2,wy; = 2,07 > 3) ~0.18 p(ngl < 4nyd = 2,wy; = 2,07} > 3) =~ 0.67

Therefore, in the case where a} = a]l =W, a? # a? and a? = W if nQ_u]) = 3 the optimal guess
for agent j is a? = W while if n,) = 2 the optimal guess for agent j is ag? = B. Using a similar
argument as before, if n;j < 2 the optimal guess for agent j is a? =B. If n;d > 4, agent j would
have agreed with agent ¢ on W in the second round. That is, in the third round, agent j switches
to the second round guess of agent ¢ if and only if nz_lf) =3.

If both connectors switch, then there are either 8 or 9 w signals in the network. If nfui) = 3 then
agent i understands that there are exactly 8 w signals in the network and therefore Vt >4 : al = B.
If nii = 4 then agent ¢ understands that there are exactly 9 w signals in the network and therefore
Vt >4 :al € {B,W}. Agent j cannot differentiate the two states unless she observes agent i
guessing W at any period t > 4. That is, if nfj} = 3 then Vt > 4 : a} = B while if niz = 4 then
vtV >t>4:al = Band Vt > t}" : a € {B,W} where #;" is the first period in which agent i
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x (3)0.7°0.3° x (3)0.7°0.3° x (})0.7%0.3% 7% +
x (3)0.730.35 x (3)0.720.30 x (})0.7%0.38~F +

x (5)0.7°0.3% x (3)0.7°0.3% x (}})0.7°7*0.3"]
x (5)0.750.3% x (3)0.7°0.3% x (}})0.78-+0.3%]

1
2
1
2

3 % (3)0.7°0.3% x (3)0.7°0.3° x (5)0.7°0.3° + 1 x (5)0.7°0.3° x (3)0.7°0.3% x (3)0.7°0.3
ros [3 % (5)0.720.3% x (2)0.720.30 x (§)0.750.35=% + £ x (£)0.7°0.33 x (3)0.700.32 x (§)0.78-50.3%]
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oo [3 % (3)0.7%0.3° x (2)0.720.3% x (§)0.770.3%7% + £ x (5)0.7°0.32 x (3)0.7°0.3% x (§)0.7° 0.3

res [3 % (3)0.720.35 x (3)0.720.30 x (§)0.750.35-% + £ x (5)0.760.32 x (3)0.700.32 x (§)0.78-50.3%]
17

ies [2 % (3)0.720.3° x (2)0.7%0.3% x (§)0.7°0.3%7F + £ x (£)0.790.32 x (3)0.7°0.32 x (£)0.757%0.3"]

res [3 % (3)0.720.35 x (3)0.720.30 x (§)0.750.35% + £ x (5)0.70.32 x (3)0.700.32 x (§)0.78-50.3%]
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guesses W starting from the fourth round (¢! = min{t > 4|a’ = W}).
>J < 2. That is, there are at

If only agent i switches than it is clear that ny. < 4 while ny?

t_
J

clear that nl_ui} > 5 while ny? = 3. That is, there are at least 10 w signals in the network. Hence,

Vt24:a§:a§-:W.

If no connector switches between the second and third rounds then at the beginning of the

most 8 w signals in the network. Hence, Vt >4 : af = a B. If only agent j switches than it is

fourth round, agent ¢ knows that since agent j guessed B in the second and third rounds it must be
that n;ﬁ < 2. At the same time, agent j knows that since agent ¢ guessed W in the second and
third rounds it must be that ny, > 5.

To study the choice of agent 7 in the fourth round we begin with the case where nfui} =6. In
this case, a} = W is the unique optimal guess for agent i if n;u]) = 2 while a} = B is the unique

optimal guess for agent 7 if n,; = 0. We compare these two conditional probabilities:

p(ny) = 2[ngl = 6,wi; = 2,057 <2) ~ 0.8 p(ny) = 0[ngl = 6, wi; = 2,057 < 2) ~0.03

1

Therefore, in the case where a; = ajl- =W, a? = a? #+ a?- = a?

J
guess for agent i in the fourth round is a} = W. Using a similar argument as before, if ny;, > 6 the

;= and a? = W if n];’ = 6 the optimal
optimal guess for agent i is aj = W. If ”1_12 < 4, agent ¢ would have agreed with agent j on B in
the second or third rounds (or use her tie breaking strategy). Now consider the case where nl_ui} =5.
In this case, af = W is never the unique optimal guess for agent ¢. Therefore, it is optimal for agent
i to guess a;l = B. That is, in the fourth round, agent ¢ switches to the second round guess of agent
j if and only if ny} = 5.

Now we attend to the choice of agent j in the fourth round. We begin with the case where

n;j = 1. In this case, a? = W is the unique optimal guess for agent j if ny, > 7 while a;* = B is

18

3 % (§)0.7°0.3% x (3)0.7°0.3° x (5)0.7°0.3° + 1 x (5)0.7%0.3° x (3)0.7°0.3% x (3)0.7°0.3
S [& % (8)0.790.32 x (2)0.720.30 x (£)0.70.35—F + L x (£)0.720.36 x (2)0.7°0.32 x (£)0.75-+0.3%]

19

3 % (§)0.7°0.3% x (2)0.7°0.3° x (5)0.7°0.3% + 1 x (§)0.7%0.3° x (3)0.7°0.3% x (3)0.7°%0.3°
S0 [& % (5)0.760.32 x (2)0.720.39 x (£)0.70.38-F + L x (£)0.720.36 x (3)0.7°0.32 x (£)0.78-+0.3%]

27



the unique optimal guess for agent j if nﬂf; = 5. We compare these two conditional probabilities:
p(nyt > 7|nyd = 1,wij = 2,070 > 5) ~ 0.12 p(nyi = 5|nyd = 1, wij = 2,70 > 5) ~ 0.65

; 1,1 _ 2 _ .3 342 2 _Wifnd = ;
Therefore, in the case where a; = a; =W, ai = aj # aj = aj and a; = W if ny;, = 1 the optimal

guess for agent j is a? = B. Using a similar argument as before, if ngujj < 1 the optimal guess for
agent j is a? =B. If n2_u], > 3, agent j would have agreed with agent ¢ in the second or third rounds
(or use her tie breaking strategy). Now consider the case where n;w = 2. In this case, a? = B is

never the unique optimal guess for agent j. Therefore, it is optimal for agent j to guess a? =W.

That is, in the fourth round, agent j switches to the second round guess of agent i if and only if
nz_j, =2.

If both connectors switch, then there are 9 w signals in the network. Therefore Vt > 5 : al €
{B,W},a} € {B,W}. If only agent i switches than it is clear that nil < 5 while ny? < 1. That is,

t. =
J

than it is clear that nl_ui) > 6 while nQ_w = 2. That is, there are at least 10 w signals in the network.

Hence, Vt > 5 : a! :ag- =W.

If no connector switches between the third and fourth rounds then at the beginning of the fifth

there are at most 8 w signals in the network. Hence, Vt > 5 : al = a! = B. If only agent j switches

round, agent ¢ knows that since agent j guessed B in the second, third and fourth rounds it must be
that nz_ujj < 1. At the same time, agent j knows that since agent ¢ guessed W in the second, third
and fourth rounds it must be that ny,’ > 6.
Note that in the fifth round if niﬁ = 6 then a? = W is never the unique optimal guess for agent
i while if ny,) > 7 then a? = B is never the unique optimal guess for agent i. Thus, agent i switches
if and only if nfu’} =6.
Now we attend to the choice of agent j in the fifth round. We begin with the case where "2_5; =0.
5 5 _

In this case, a? = W is the unique optimal guess for agent j if nfui} = 8 while a]

2 B is the unique

20

[2 % (3)0.770.37 x (3)0.770.3% x ({)0.7%0.357% + 1 x ($)0.770.3" x (3)0.7°0.3% x (})0.757%0.3"]
s[5 % (5)0.710.37 x (2)0.720.30 x (§)0.750.35% + £ x (£)0.770.31 x (2)0.700.32 x (£)0.78-50.3%]
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3 % ()0.770.37 x (2)0.7°0.3° x (£)0.7°0.3° + 1 x (})0.770.3" x (3)0.7°0.3% x ($)0.7%0.3°
Shs [& % (3)0.710.37 x (2)0.720.39 x (£)0.70.38-F + L x (§)0.770.31 x (3)0.7°0.32 x (§)0.758-+0.3%]
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optimal guess for agent j if ”1_3; = 6. We compare these two conditional probabilities:
p(ny = 8|ngy? = 0,wi; = 2,ny; > 6) ~ 0.03 p(ny = 6|ny) = 0,wij = 2,0y, > 6) ~ 0.8

: 1,1 2 _ 3 _ 4 4 _ 3 _ 2 2 _ Ty
Therefore, in the case where a; = a; =W, af = a; = a; # a; =aj =aj and af = W if nyy =0

the optimal guess for agent j is a? = B. If ngjj > 2, agent j would have agreed with agent ¢ in
the second, third or fourth rounds (or use her tie breaking strategy). Now consider the case where

5 —
J

for agent j to guess a? = W. That is, in the fifth round, agent j switches to the second round guess

= 1. In this case, a B is never the unique optimal guess for agent j. Therefore, it is optimal

—Jj
Mo

of agent ¢ if and only if n;j, =1.
If both connectors switch, then there are 9 w signals in the network. Therefore Vt > 6 : a! €

{B,W},a’ € {B,W}. If only agent i switches than it is clear that ny. = 6 while ny? = 0. That is,

t,:
J

is clear that nj,’ > 7 while niﬁ = 1. That is, there are at least 10 w signals in the network. Hence,

Vt>6:al = aé- = W. If no connector switches then it is clear that ny,, > 7 while ”2_11]; = 0. That

is, there are either 9 or 10 w signals in the network. If nj) = 8 then agent i understands that

there are 8 w signals in the network. Hence, V¢ > 6 : a! = ot = B. If only agent j switches than it

there are exactly 10 signals in the network and therefore V¢t > 6 : af = W. If nl_ué = 7 then agent
i understands that there are exactly 9 signals in the network and therefore Vt > 6 : al € {B,W}.
Agent j cannot differentiate the two states unless she observes agent i guessing B at any period
t > 6. That is, ifnl_lf):8thethZG:ag-:thileifnl_lf):7thethth26:a§:Wand
Vit > tZB : az» € {B,W} where tZB is the first period in which agent i guesses B starting from the
sixth round (t? = min{t > 6|a} = B}). This completes the proof of Result 7.7. O

B.8 Two Cores with One Link in the Naive Model

Result 8. Suppose G is a Two Cores with One Link network where n is even and 5 is odd. Denote
Ay = {j € Nils(j) = w}| — |{j € Ni|s(j) = b}| where k € {1,2}. By the naive model:

1. Yh € N: If s(h) = w then a} = W, otherwise, aj = B.

2. If Ak > 1 then Yh € Ni,Vt > 2: afl = W with two exceptions:
« IfA; =1 and aj = B then af € {B,W}.
« IfAy =1 and a} = B then a? € {B,W}.

)
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3 % (5)0.7°0.3% x (3)0.7°0.3° x (5)0.7°0.3° + 3 x (5)0.7%0.3° x (3)0.7°0.3% x (§)0.7°0.3°

2

S [& % (8)0.700.38 x (2)0.720.30 x (£)0.70.38—F + L x (£)0.780.30 x (2)0.700.32 x (£)0.75-+0.3%]
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3 % (5)0.7°0.3% x (2)0.7%0.3% x (§)0.7°0.3% + & x (§)0.7%0.3° x (3)0.7°0.3% x (§)0.7%0.3°
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3. If Ak < —1 then Yh € N, ¥Vt > 2: az = B with two exceptions:

« IfA;=—1 and aj = W then af € {B,W}.
o IfAy=—1 and aj =W then o € {B,W}.

Proof. Definition | implies that each agent guesses by her own private signal in the first round. Note
that every non-connector i has b=¢(h) = 0 while the connectors have b= (i) = b= (j) = 1. Also
note that since 2 is odd, Ay # 0. Therefore, if vo = |Ak| > 1, then, by Lemma 6, Vh € Ng,Vt > 2.
al, =W if Ay is p051tlve and a}, = B otherwise. In addition, if yo = \Ak| =1 then, by Lemma 0,
Vh e N, "Vt >2:a} =W if Ay is positive and a} = B otherwise, where m =i if k = 1 and m = j
if k = 2. That is, we are left with the behavior of the connectors when |Ak| = 1. Suppose k =1 and
A =1.1If ajl- = W then agent ¢ observes a majority of W in the second round and therefore, by
Definition 1, guesses a? = W. However, if a} = B then agent i observes a tie in the second round
and therefore, by Definition 1, guesses af € {B,W}. Starting from the third round, she will observe
at least § — 1 guesses of W out of § + 1 observations. Since n > 2 and even, this is a majority and

Vt > 3:al = W. Similar reasoning applies for the cases where k = 2 or Ay = —1. ]

B.9 Two Cores with Three Links in the Bayesian Model

Let N = Ny U Ny where |[Ni| = § and [Na| = 5. Let agents 41,i2,43 € N1 and agent j € No be
the four connectors, that is, £ N {kl|k € Ny,1 € No} = {i17],42],i3j}. Denote N7 " = Ny\{iy, 2,13},
N7 = Nyu {5}, Ny7 = No\{j} and Ni* = NoU {iy, ig,i3}. Denote the number of w signals in Nl,
{l € Ni|s(l) = w}] by n14. Slmllarly, we denote the number of w signals in N; %, N;7, Ny, N,
and N, by ny., nfw, Now, Ny and gl | respectively. We denote the number of w signals among
the connectors by w;; = [{k € {i1,i2,13,7}|s(k) = w}| (note that w;; is known to agents iy, 42, i3
and 7). Finally, we denote the number of guesses of W in period ¢ within the three connectors of
Ny by Wt = |{i € {i1,i2,i3}|ai = W}|.

Result 9. G is a Two Cores with Three Links network with n = 18 agents and the probability to

receive a correct signal is ¢ = 0.7. By the Bayesian model:
1. Vk € N: If s(k) = w then a}, = W, otherwise, a}. = B.

2. Yk € Ny*: If nyy > 4 then a} = W, otherwise, a; = B. In addition, ¥t > 2: If W/~ € {0,3}
then af, = afl_l, otherwise a}, € {B,W}.

3. Vk € NQ_j : If noy > 4 then a% =W, otherwise, ai = B. In addition, ¥Vt > 2 : afc = a?-_l.

4. Second round for connectors:

o Vi € {iy,i9,i3}: If nlj > 5 then a? = W, if nlj < 5 then a? = B, otherwise, a? €
{B, W}
o Ifnd! >6thena =W, if ng} <6thena = B, otherwise, aj € {B,W}.
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5. Suppose W2 € {1,2}. IanJ > 4 then Vt > 2 : W, zfnzj < 4 then ¥Vt > 2 : a = B,

otherwise, V't > 2 : aj € {B,W}. In addition, Vi € {11,22,13},% >2:al = az. L

2 42 g2 — 2 cqt gt — gt — gt — 2
6. If ai, = aj, = aj, = aj then Vt > 2: a;, = a;, = a;; = aj = aj.

7. Suppose the connectors disagree in the second round, a- = a =a? L F a . Denote K = nlw
and K = n3!. Assume with no loss of generality that af =ai = a =B cmd a =W (K <5
and K > 6). Then,

(a) Convergence to W occurs when K + K — w;; > 10, in the following scenarios:

1. Immediate convergence: If one of the following conditions is satisfied:
A. K>3 and K =1T.
B.K=5and K > 1.
C. K=4, K € {8,9} and w;; < 1.
D. K=3 K=38 and w;; = 0.
Then, ¥t > 3 :al =al, =al, =al =W.

12 13 j
1. Mutual switch and convergence: IfR' = 6 then, afl = a% = G?B =W, a? — B and
R e e
Vi>4:a;, =a;, =a;;, =a; =W.

711, Mutual keep and convergence: If one of the following conditions is satisfied:
A. K=2and K =8.
B. K=4and K > 9.
C. K=4, K € {8,9} and w;; > 2.
D. K=3, K €{8,9} and w;; = 1.
Then,ai:a?—a Ba Wanth24:a§1:aﬁgzafgzag-:W.
w. Double mutual keep and convergence: If one of the following conditions is satisfied:
A K=2and K =9.
B. K=3and K > 9.
C. K=3,K=9 and w;; = 2.
Then, ¥t € {3,4} :a];1 = an = a’;g = B,a§- =W andVt >5: a§1 = a§2 = a§3 = a§- =W.
v. Triple mutual keep and convergence: If K = 2 and K = 10 then, ¥Vt € {3,4,5} :

t ot cagt — gt — gt — gt —
af =al, =al, —Ba =W andVt > 6: a;, = a;, = aj, =a; =W.

(b) Convergence to B occurs when K + K — wi; < 8, in the following scenarios:

1. Immediate convergence: If one of the following conditions is satisfied:

24 A failure may occur in four cases where a?l = azi = a?a = a?: (i) One subject in Ny, two subjects in N7 and

all connectors recieve the same signal while all the others recieve the opposite signal , (ii) One subject in N;*, three
subjects in NQ_j and all connectors recieve the same signal, (iii) Two subjects in Nfi, two subjects in NQ_j and all
connectors recieve the same signal, (iv) Two subjects in N ¢ three subjects in Ny J and three connectors recieve the
same signal. The probability for a signal distribution that satisfies one of the four cases is 0.98%. Since we assume no
tie breaking rule, 0.98% is an upper bound for the unconditional probability of such a failure.
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A. K <4 and K = 6.

B. K =4 and K € {7,8}.

C. K=3,K=7andw; =3.
Then, ¥t > 3 : a} = a}, = a, =al = B.

12 23 J

#i. Mutual switch and convergence: If K =5 then, a3 = a3 = ag’S =W, a?- = B and

1 22

cql gt — gt — gt —
Vit >4, =a;, =a;, =a; =DB.

7ii. Mutual keep and convergence: If one of the following conditions is satisfied:

.

A. K=3and K =8.

B.K<2and K =1T.

C.K:3,K':7andwij:2.

Then, a} = a3 = a3, Ba—Wanth>4 af =al, =al, =ad\ =B.
Double mutual keep and convergence: If K < 2 and = 8 then, Vt € {3,4}:
al =at =al, =B,at =W and V¥Vt >5:al, =al, =al =d' = B.

11 12 3 7] — 11 12 13 J

=

(c) “Convergence” to indifference occurs when K + K —w;; =9, in the following scenarios:

1.

.

.

Mutual switch and “convergence 7 If K =5 and K = 6 then, al =a} = a?s =W,
a} =B and Vt > 4 : af ,al,,al ,af € {B,W}.

Mutual switch and two steps “convergence” type A: If K = 6 and K € {3,4}
then, aj = a}, = a}, = W, a} = B and Vt > 4:a} ,d},,af, € {B, W} Let t =
min;>4{aj, = B OR ai, =B OR aj, = B}. Vtec{4,...,t} :af =W and
Vt>f:a§ e {B,W}.

Mutual switch and two steps “convergence” type B: If K =5 and K € {7,8} then,
aj =aj, =a}, =W, d} = B and Vt > 4: d} € {B, W} Let t = ming>4{al = W}.
Vt6{4,...,t}.a af2—a =B andVt > t:al ,al,,af, € {B,W}.

Mutual keep and two steps “convergence” type B: If K = 4 and K = 9 then,
aj =aj}, =aj, =B, a} =W and Vt > 4 : a} € {B, W} Letf:mint>4{a§- = B}.
Vt6{4,...,t}.ail—at =aj, =W and Vt > t : a e {B,W}.

Mutual keep, mutual switch cmd “convergence”: If one of the following conditions is
satisfied:

A. K=7and K € {2,3,4}.

B. K =8 and K = 4.

3 —a = B, a =W and o} = af :ai:W,a?:B and Vt > 5 :

12

417 Z27 Zg

Then, a3 = ag,
aj ,al,,ai,, ] 6 {B, W}

Double keep and two steps “convergence” type A: If K = 1 and K = 8 then,
Vte {3,4}: af, = a}, = a}, = B,al = W and ¥t > 5: af ,ai,,a}, € {B, W} Let
t = ming>s{al, = W OR ai, =W OR af, =W} Vte{s,.. . t}:

and Vt >t :a} € {B,W}.
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vii. Double keep and two steps “convergence” type B: If K = 3 and K = 9 then,
Vte {3,4}: af, = aj, = a}, = B,al = W anth>5'at~e{B W} Let t =

13

ming>s{a’ = B}. Vte€ {5,...,t} : af =a}, = al, =W and ¥t >t : af ,a},,af, €

12 117 12’ 13
{B,W}.

viii. Double keep, mutual switch and “convergence”: If K = 8 and K € {2,3} then,
Vt€{34}'a’§:aff:atzBa§:Wandai aj, = aj, =W, a8 = B and
Vt>6: af ,al,,al,a’ € {B,W}.

1. Tm’ple keep and “convergence 7 IfK =1 and K =9 then, ¥t € {3,4,5} : aﬁl = a§2 =

,=B,ai =W and Vvt >6: af ,a,,a},,a; € {B,W}.

. Trzple keep and two steps “convergence” type B: If K = 2 and K = 9 then,
Vte {3,4,5}: af, = af, = af, = B,ai, = W and ¥Vt >6:a} € {B,W}. Lett =

ming>¢{a’ = B}. Vt € {6,...,t} 1 af =a}, = af, = W and Vt >t : a ,a,,af, €
{B,W}.

Proof. All agents are myopic Bayesian utility maximizers and that is a common knowledge. By
Lemma | all agents are guessing their signal in the first period (result 9.1) and by Lemma 3 in the
second period each agent chooses her action by the most popular signal in her local neighborhood
(results 9.2, 9.3 and 9.1). By Proposition | the non-connectors of Ny imitate the connector j (result

The histories of agents i1, io and i3 are identical. Denote these histories in period ¢ > 2 by
ht. If p(niw + now > 9|hY) > p(niw + n2w < 9|hY), it must be that a’? = W, a§2 = W and

ai, = W, so that W} = 3. However, if p(niy + now > 9|hf) < p(n1w + now < 9|hf), it must be that
af, = B, a}, = B and a}, = B, so that W} = 0. Therefore, if W} € {1,2} then it must be that
p(N1w + N2y > 9|hY) = (nlw + ngw < 9|RY).

Since the histories of agents i1, i2 and ¢3 are identical, each k € Ny ¢ can consider agents i1, 19
and i3 as one player denoted I. Then, by By Proposition 1, the optimal behavior of agent k is to
imitate “agent” I starting from the third period. When W} € {0,3} then the guess of “agent” I
is clear. In addition, since W} € {1,2} implies that “agent” I is indifferent, then agent k is also
indifferent (result 9.2). Therefore, the dynamics is determined by the actions of “agent” I and agent
J, the connectors, starting from ¢ = 3.

Next, suppose that W2 € {1,2}. Since the histories of agents i1, i and i3 are identical then by
result 0.4, it is clear for agent j that n)} = 5. Therefore, if n2,j) < 3 then Vt > 2: a = B, if ngg) >5
then Vt > 2: aj =W and if nQJJ =4 then vVt >2: aj € {B,W}. With no loss of generality assume
that ajz = W. At the beginning of the third round, agents i1, i3 and i3 know nqu) =ni. +wij=5
and that agent j guessed W in the second round only if ny? > 6 — wj;. Thus, agents i1, 12 and i3
attribute positive probability to the event that the total number of w signals is strictly lower than
9, when w;; >3 (recall that w;; < 4). First, consider the case where w;; =4 (that is, ny = 1). In

this case, if 2 < n,? < 3 then the unique optimal guess is a = B while if ny,] > 5 then the unique
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optimal guess is a} = W. The conditional probabilities of these events are:
p(ny) < 3|nyk =1, wij = 4,n5) >2) ~0.35 p(nyl > 5|t =1, wij = 4,150 >2) ~ 0.5

Therefore, in the case where w;; = 4, the optimal guess is Vi € {i1, i, i3} : a? = W. Consider the
case where w;; = 3 (that is, nfui} = 2). In this case, if n;ujj = 3 then the unique optimal guess is
a} = B while if nQ_UJJ > 5 then the unique optimal guess is a3 = W. The conditional probabilities of

these events are:
p(nyl = 3[ngl = 2, wi; = 3,ny) > 3) ~ 0.21 p(nyd > 5|ngl = 2,wy; = 3,n57 > 3) ~ 0.6

Therefore, also in the case where w;; = 3, the optimal guess is Vi € {i1, 142,43} : ag’ = W. Therefore,
Vi € {i1,i2,i3} : a3 = aJQ- independently of the value of w;;.

In the fourth round, agents i1, i3 and i3 know that agent j knows which signal is more frequent
for sure. That is, when they observe a tie before the second period, and they know that agent j

knows it (since W2 € {1,2}), the optimal way for them to proceed is to imitate agent j starting
from the third period, Vt > 2,Vi € {iy,i2,43} : al = agfl (result 9.5).
Our next step is to show that when all four connectors agree in the second round, that is,

2 o 2 _ 2 _ 2 . . . .
i = aj, = a;, = aj, they should stick to their second round guesses. With no loss of generality, let

us consider the case where af = aZ, = a?B = a? =W.

We begin with the considerations of the connectors that belong to Ni. At the beginning of

a

the third round, agent i € {i1,i2,i3} knows that agent j guessed W in the second round only if
n;u]] > 6 — w;;. Recall that agent 7 herself guessed W in the second round, therefore, nfu]} > 5. Thus,
agent ¢ may attribute positive probability to the event that the total number of w signals is lower
than 9 if w;; = 4 and ny;’ € {1,2} or if w;; = 3 and ny; = 2.

First, suppose that w;; = 4 and nl_ui) = 1, therefore ”2_11]; >2. If nyt € {2,3} then the unique

2w
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x ($)0.710.3° x (3)0.7%0.3° x (})0.7%0.3% 7% +
x ($)0.710.35 x (3)0.740.30 x (})0.7%0.35~F +

x (£)0.7°0.3" x (3)0.7°0.3* x (})0.7°70.3*]
x (£)0.750.31 x (3)0.700.34 x (}})0.78-+0.3%]

26

x ($)0.710.3% x (1)0.710.3° x (})0.70.3%7* +
x ($)0.710.35 x (1)0.740.3° x (})0.7%0.35k +

x ($)0.7°0.3" x (3)0.7°0.3* x (})0.7%%0.3"]
x ($)0.750.31 x (3)0.700.34 x (})0.78-%0.3%]

N|= | o=

27

3 % (3)0.770.3* x (3)0.7°0.3" x (5)0.7°0.3° + 1 x (£)0.70.3* x (5)0.7'0.3% x (3)0.7°0.3
hes |3 % (5)0.720.34 x (35)0.730.31 x (7)0.750.3%~F + £ x (3)0.740.3% x (3)0.710.33 x (})0.78-%0.3%]

28

x (3)0.7°0.3* x (3)0.7°0.3" x (})0.7%0.3%"*
x (5)0.720.3% x (3)0.730.3" x (})0.7+0.38-*

(5)0.7%0.3% x (3)0.770.3% x (}})0.7°7*0.3%]
(5)0.740.32 x (3)0.770.3% x (}})0.78-+0.3%]

1
_|_§><
1
_|_§><

34



optimal guess is a3 = B while if nQ_j) > 5 then the unique optimal guess is aj = W. The conditional

probabilities of these events are:
p(nyl < 3|ng. = 1wij = 4,n57 > 2) =~ 0.35 p(ny? > 5lngh = 1,wij = 4, nyl >2) ~ 0.5

Second, suppose w;; = 4 and nfui] = 2, therefore ngujj > 2. If n;j} = 2 then the unique optimal guess
is a3 = B while if nz_zf) > 4 then the unique optimal guess is aj = W. The conditional probabilities

of these events are:
p(nyd = 2|nyl = 2,wy; = 4,057 > 2) =~ 0.06 p(nyd > 4lngl = 2,wy; = 4,057 > 2) ~ 0.86

) >3, 1f n% = 3 then the unique optimal guess

Finally, suppose w;; = 3 and ny,. = 2, therefore ny’

is ag’ = B while if ngj} > 5 then the unique optimal guess is af = W. The conditional probabilities

of these events are:

p(nyl = 3|7t = 2,wij = 3,n57 >3) = 0.21 p(nyl > 5|t = 2,wij = 3,n57 > 3) ~ 0.60

29This case is identical to the first case in the proof of result 9.5. In both cases the i’s were indifferent. However, in
the previous case they were not unanimous in their second round guess, while here they are. Since their individual

guesses while indifferent bear no information, the calculations are identical.
30

b [3 % (9)0.710.3% x (§)0.7%0.3% x ()0.770.3%7% + £ x ()0.7°0.3" x ($)0.7°0.3* x (§)0.7°~*0.3%]

reo [3 % (9)0.710.3% x (§)0.740.30 x (§)0.750.35% + £ x (£)0.720.31 x (})0.700.3% x (§)0.78-50.3%]
31

s [3 % (9)0.710.3% x (§)0.7%0.3% x ()0.770.3%7% + £ x ()0.7°0.3" x (})0.7°0.3* x (§)0.7°*0.3%]

reo [3 % (9)0.710.3% x (§)0.740.30 x (§)0.750.35% + £ x (£)0.720.31 x (})0.700.3% x (§)0.78-50.3%]
32

3 % (3)0.770.3" x (3)0.710.3° x (5)0.7°0.3° + 1 x (£)0.70.3% x (3)0.7°0.3" x (5)0.7°0.3
S o [E % (5)0.720.3% x (1)0.710.39 x (£)0.70.38-F + L x (5)0.740.32 x (})0.7°0.34 x (£)0.758-+0.3#]
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s [3 % (5)0.7%0.3 x (§)0.7%0.3% x (§)0.770.3%7% + £ x (5)0.7°0.32 x (})0.7°0.3* x (§)0.7°~*0.3%]

oo [3 % (5)0.720.31 x (§)0.740.30 x (§)0.750.35% + £ x (5)0.70.32 x (})0.700.3% x (§)0.78-50.3%]
34This case is identical to the second case in the proof of result 9.5. See footnote
35

3 % (3)0.770.3* x (3)0.7°0.3" x (5)0.7°0.3° + 1 x (£)0.70.3* x (5)0.7'0.3% x (3)0.7°0.3

ros [3 % (5)0.720.34 x (5)0.730.31 x (§)0.750.35-% + £ x (5)0.740.32 x (3)0.710.3% x (§)0.78-50.3%]

36

3 % (3)0.770.3* x (3)0.7°0.3" x ()0.7%0.3%7% 4 £ x (5)0.7*0.3% x (3)0.770.3% x (}})0.7°7*0.3"]
res [3 % (5)0.720.3 x (5)0.730.31 x (§)0.750.35% + £ x (5)0.740.32 x (3)0.710.3% x (})0.78-50.3%]

35



2:@2:@2:@2:

Therefore, in the case where aj, oA oA j

i € {i1,i0,i3} is aj = W.

Now we move to the considerations of the connector that belongs to Ns. At the beginning of

W, the optimal guess for every agent

the third round, agent j knows that agents i € {i1, 2,43} guessed W in the second round only if
nyl > 5 — w;j. Recall that agent j herself guessed W in the second round, therefore, ngj, > 6. Thus,
agent j may attribute positive probability to the event that the total number of w signals is lower
than 9 if w;; = 4 and ny? € {2,3} or if wy; = 3 and ny? = 3.

First, suppose w;; = 4 and n;u]} = 2, therefore nfui} > 1. If nfj} € {1,2} then the unique optimal

3 _
J

probabilities of these events are:

guess is a B while if n; > 4 then the unique optimal guess is a? = W. The conditional

p(nyl < 2[ny? = 2,wij = 4,07} > 1) = 0.37 p(ngl > 4lny? = 2, wy; = 4,07 > 1) ~ 0.43

Second, suppose w;; = 4 and nQ_j} = 3, therefore ny;" > 1. If ny’ = 1 then the unique optimal guess
is a? = B while if nl_j) > 3 then the unique optimal guess is a? = W. The conditional probabilities

of these events are:
p(nyt = 1|ny) = 3, wij = 4,7 > 1) = 0.06 p(nyi > 3|nyd = 3,wij = 4,17 > 1) ~ 0.84

Finally, suppose w;; = 3 and ngjj = 3, therefore ny;’ > 2. If ny;, = 2 then the unique optimal guess

is a;’ = B while if nif} > 4 then the unique optimal guess is a? = W. The conditional probabilities

37

x (3)0.7%0.3% x (1)0.7%0.3% x (})0.7%0.3°7% +
x (3)0.720.36 x (1)0.740.30 x (7)0.7%0.36—F +

x (5)0.7°0.3% x (3)0.7°0.3* x (})0.7°7*0.3%]
x (5)0.760.32 x (3)0.7°0.3% x ()0.76-+0.3%]

38

x (5)0.770.3° x (1)0.710.3° x (})0.7%0.3°7* +
x (5)0.720.36 x (1)0.740.3% x ()0.7%0.36—F +

x (5)0.7°0.3% x (3)0.7°0.3* x ()0.7°%0.3"]
x (3)0.760.32 x (3)0.700.34 x (})0.76-%0.3%]

N|= | o=

39

3 % (3)0.7°0.3% x (3)0.710.3° x (£)0.710.3° + 1 x (5)0.7°0.3% x (3)0.7°0.3* x (£)0.7%0.3"
b1 [3 % (5)0.730.3° x ()0.740.3° x (7)0.750.36—F + £ x (3)0.750.3% x (})0.700.3* x (7)0.76-%0.3%]
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x (3)0.7°0.3° x (3)0.7%0.3° x (})0.7%0.3°"*
x (5)0.730.35 x (3)0.740.3% x (§)0.7+0.36-*

(5)0.7°0.3% x (1)0.7°0.3* x ({)0.7°7*0.3%]
(5)0.750.33 x (1)0.7°0.3% x ()0.76-+0.3%]

1
_|_§><
1
_|_§><
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of these events are:

p(nyi = 2|nyd = 3,wij = 3,n7 > 2) ~ 0.24 p(nyi > 4nyd = 3, wij = 3,70 > 2) ~ 0.52
Therefore, in the case where a?l = a?Q = a?B = a? = W, the optimal guess for agent j in the third
round is a? =W.

The non-connectors are non-informative to the connectors starting from the second round
(Lemma 5). That is, the third round provides no new information. Therefore, both will keep
their guesses unchanged until the end of the game (result 9.0). There are four cases where myopic

Bayesian utility maximizing agents will guess wrong;:
1. nyl =1, nQ_j) =2 and w;; = 4.
2. npl =1, ngjj =3 and w;; = 4.
3. nl_uij =2, nz_j, =2 and w;; = 4.
4. nyl =2, nz_j, =3 and w;; = 3.

The unconditional probability for these cases is approximately 0.489%. By symmetry, the probability
for a similar distribution for the b signals is identical. Therefore, the probability for this case is
approximately 0.978%. Since no prior on the tie breaking rule is assumed, we cannot provide an
exact probability of failure.
Next, we study the case where in the second round the connectors in N7 agree among themselves
2 2

but disagree with the connector from Na, that is, aj = a3, = a?g #+ ajz. With no loss of generality,

let us consider the case where a?l = a?Q = “123 = B while a? =W.

We first attend to the case where w;; = 0. We begin with the considerations of the connectors
that belong to Nj. At the beginning of the third round, agent i € {i1, 42,13} knows that agent j
guessed W in the second round, so that “2_15; > 6. Recall that agent i herself guessed B in the second
round, therefore, nif) <5. If n;j <1, a} = B is the optimal guess for agent i € {iy, 42,3} since
there are at most 9 w signals. If nl_ui) >3, a? = W is the optimal guess for agent i € {i1, 2,43} since
there are at least 9 w signals. If niz =2, a} = B is the unique optimal guess for agent i € {iy,i2,i3}

if nz_w = 6 while a} = W is the unique optimal guess for agent i € {iy, iz, 43} if nQ_u]) = 8. We compare

41

3 % (3)0.7°0.3% x (3)0.7°0.3" x (5)0.7°0.3* + 1 x (5)0.7°0.3° x (5)0.7'0.3% x (3)0.7*0.3
b |3 % (5)0.730.3° x (5)0.730.31 x (7)0.750.36~F + £ x (3)0.750.3% x (3)0.710.33 x (7)0.76-%0.3%]
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x (3)0.7°0.3° x (3)0.7°0.3" x (})0.7%0.3°"*
x (5)0.730.35 x (3)0.730.3" x (§)0.7+0.36-*

(5)0.7°0.3% x (3)0.770.3% x ()0.7°7*0.3%]
(5)0.750.33 x (3)0.770.3% x (})0.76-+0.3%]

1
_|_§><
1
_|_§><
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these two conditional probabilities:
p(nyl = 6|7 = 2,wij = 0,157 > 6) ~ 0.80 p(nyl = 8|yt = 2,wij = 0,n57 > 6) ~ 0.03

Therefore, if nl_zf) <2, a} = B is the unique optimal guess for agent i € {iy,i2,i3} while if nl_lf) > 3,
a} = W is the unique optimal guess for agent i € {4y, 12,3}

Let us now look into the considerations of the connector that belongs to Na. At the beginning
of the third round, agent j knows that agent i € {i1,142,73} guessed B in the second round only if
nl_qj, < 5. Recall that agent j herself guessed W in the second round, therefore, nQ_UJJ >6. If nQ_uJ) =6,

3 _

aj = B is the unique optimal guess for agent j if n;j < 2 while a;’ = W is the unique optimal guess

for agent j if nl_ui) > 4. We compare these two conditional probabilities:

p(nyl < 2|nz_ujJ = 6,w;; = 0,ny,) <5) ~0.43 p(ngl > 4|n2_7j} =6, w;; = 0,ny,) <5) ~0.37

1w 1w

If nguj} =17, a;)-’ = B is the unique optimal guess for agent j if nfui} < 1 while a? = W is the unique

optimal guess for agent j if nl_lf) > 3. We compare these two conditional probabilities:

p(nyt < 1|ny) = 7,wij = 0,17} < 5) ~ 0.08 p(nyi > 3|nyd = 7,wij = 0,n71 < 5) ~ 0.81

43

3 % (3)0.770.3"* x (5)0.7°0.3* x (§)0.7°0.3% + 1 x (£)0.7%0.3% x (5)0.7*0.3% x (§)0.7%0.3°
roo [3 % (5)0.720.34 x (3)0.700.3% x (§)0.750.35% + £ x (5)0.740.32 x ($)0.740.30 x (§)0.78-50.3%]

44

2% (5)0.770.3" x (3)0.7°0.3* x (§)0.7%0.3° + 1 x (£)0.70.3% x (5)0.7*0.3% x (§)0.7°0.3°
reo |3 % (5)0.720.34 x (;)0.700.3% x (3)0.750.35—F + £ x (3)0.740.3% x (3)0.740.3° x (§)0.78-%0.3]

45

2 o [2 % (8)0.7°0.3% x (5)0.7°0.3% x (§)0.7%0.357% + 1 x (§)0.7%0.3% x (5)0.710.3° x (§)0.797%0.3%]
3 + 1 % (§)0.720.3 x (;)0.740.3° x (7)0.76-+0.3%]

46

b [2 % (8)0.7°0.3% x (5)0.7°0.3% x (§)0.7%0.35% + 1 x (§)0.7%0.3% x (3)0.740.3° x (§)0.797%0.3"]
3 % (§)0.760.32 x (5)0.700.3* x (§)0.7%0.35=F 4 £ x (§)0.720.36 x (5)0.740.3% x ()0.76-+0.3%]

47

x (3)0.770.37 x (5)0.7%0.3% x ()0.7°7%0.3]
x (3)0.710.37 x (5)0.740.3% x ()0.76-+0.3%]

1

2
5 1
2
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3 % (£)0.770.3" x (5)0.7°0.3* x (7)0.7%0.3°7% 4 £ x (3)0.770.37 x (5)0.7*0.3% x ()0.7°7*0.3%]
boo [2 % (8)0.770.31 x (5)0.700.34 x (§)0.7£0.35—F + £ x (£)0.710.37 x (;)0.740.30 x (§)0.76-%0.3%]

38



Therefore, if nQ_J) >, a;’ = W is the unique optimal guess for agent j while if n;lf} =6,a} =B is
the unique optimal guess for agent j.

If agent i € {i1, 12,43} switched to a3 = W and agent j did not switch (a?- = W), it means that
there are at least 10 w signals and therefore V¢ > 4 : al = W, a§» = W. If agent i € {iy,1i2,i3} did
not switch (a} = B) and agent j switched (a3 = B), it means that there are at most 8 w signals
and therefore Vt > 4 : a! = B, a = B. If both switched (a} = W and a = B) then it is clear that
ny? = 6, therefore if ny > 4, Vt > 4:af =W,ad; =W while if nyl =3,¥t>4:at € {B,W} and
if we denote ¢ as the first t > 4 where a’;f = B for some i € {iy,i2,i3} then VE>t>4: a§- =W
Vt>t:al e {B,W}.

If both did not switch, then both agent i € {il,ig, i3} and agent j know at the beginning of
the fourth round that w;; = 0, anj} > 7 and nj,, < 2. We begin with the considerations of the
connectors that belong to Ni. If nlw = 2 there are at least 9 w signals and therefore a} = W is
optimal for agent i € {i1,i2,43}. Similarly, if ”1w < 1 there are at most 9 w signals and therefore
a} = B is optimal for agent i € {i1,i2,43}. Now we move to the considerations of the connector that
belong to Na. If nz_lf) = 7 there are at most 9 w signals and therefore a;* = B. However, if nQ_UJJ =38,
a? = B is the unique optimal guess for agent j if nfui] = 0 while a? = W is the unique optimal guess

J J
for agent j if nj,, = 2. We compare these two conditional probabilities:

p(nyt = 0|ny) = 8, wij = 0,n7) < 2) ~ 0.05 p(nyi = 2|ny) = 8, wij = 0,n7) < 2) ~ 0.74

Therefore, if niﬂ = 8, a4 = W is the unique optimal guess for agent j. If agent i € {iy,i2,i3}
switched, that is, a} = W, but agent j did not switch, a = W then Vt > 5 : al = W, a =W
since there are 10 w signals. If agent i € {i1,s,43} did not switch, that is, af = B, but agent
7 switched, a = B then Vt > 5 : al = B, a = B since there are at most 8 w signals. If both
switched, a} = W and aj = B, then Vt > 5 : a} € {W, B}, a € {W, B} since there are 9 w signals.
If both did not switch (a} = B and a? = W), then it is clear that n,’ = 8, therefore if ny = 0,
Vt >5:al =B, a§- = B since there are 8 w signals. However, if nj,, =1, Vt >5:al € {B,W} and
if we denote 7 as the first ¢ > 5 where af = W then Vi >t > 5:a§- :BVt>f:a§- e {B,W}.
Next, consider the case where w;; = 1. We begin with the considerations of the connectors that
belong to Nj. At the beginning of the third round, agent i € {i1,1i2,i3} knows that agent j guessed
W in the second round only if ngujj > 5. Recall that agent ¢ herself guessed B in the second round,

therefore, ny,, < 4. If n;,) =0, a? = B is the optimal guess for agent i € {iy, 9, i3} since there are

49

3 % (3)0.7°0.3% x (5)0.7°0.3* x (§)0.7°0.3° + 1 x (5)0.7°0.3* x (5)0.7*0.3° x (§)0.7°0.3°
S o [& % (8)0.780.30 x (3)0.700.34 x (£)0.7%0.36—F + L x (£)0.700.3% x (3)0.740.3° x (£)0.76-+0.3%]
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3 % (§)0.7°0.3% x (5)0.7°0.3* x (5)0.7°0.3* + 1 x (§)0.7°0.3% x (5)0.7*0.3° x (3)0.7*0.3
S0 [& % (5)0.780.30 x (3)0.7°0.34 x (£)0.70.36—F 4+ L x (§)0.700.38 x (§)0.70.39 x (§)0.76-+0.3%]
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at most 9 w signals. If ny > 3, a} = W is the optimal guess for agent i € {i1,ia,i3} since there
are at least 9 w signals. If nl_yi =2, a? = B is the unique optimal guess for agent ¢ € {i1,i2,i3} if
nQ_j) = 5 while a} = W is the unique optimal guess for agent i € {i1,ig,43} if nz_lf) > 7. We compare

these two conditional probabilities:
p(ny? = 5|ngt = 2,wij = 1,n57 > 5) ~ 0.65 p(nyd > 7|ngl = 2, wy; = 1,057 > 5) ~ 0.12

Therefore, if nif} <2, a} = B is the unique optimal guess for agent i € {iy,i2, i3} while if nfui} > 3,
aff = W is the unique optimal guess for agent i € {i1,i2,i3}. Let us now look into the considerations
of the connector that belongs to No. At the beginning of the third round, agent j knows that agent
i € {i1,12,13} guessed B in the second round only if ”1_12 < 4. Recall that agent j herself guessed W
in the second round, therefore, n;j > 5. If ngjj =5, a;)? = B is the unique optimal guess for agent j
if ”1_12 < 2 while a;’? = W is the unique optimal guess for agent j if nl_zfj = 4. We compare these two
conditional probabilities:

p(nyt < 2|nyd = 5,wi; = 1,070 < 4) = 0.52 p(ngl = 4nyd = 5,wy; = 1,07} < 4) ~0.24

If nQ_UJJ =6, a? = B is the unique optimal guess for agent j if nl_j) < 1 while a? = W is the unique

51

3 % (3)0.770.3* x (1)0.710.3% x (5)0.7°0.3° + 1 x (£)0.7%0.3* x (})0.7%0.3" x (3)0.7%0.3°
S s[5 % (5)0.720.3% x ($)0.70.33 x (£)0.700.38-F + L x (5)0.740.32 x (1)0.720.3" x (£)0.78-+0.3%]
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x (5)0.770.3* x (1)0.710.3* x (})0.70.3%7* +
x (5)0.720.34 x (1)0.710.33 x (})0.7%0.35F +

x (3)0.710.3% x (})0.7°0.3" x (})0.7%%0.3"]
x (5)0.740.32 x (})0.730.31 x ()0.78-%0.3%]

N|= | o=
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x (5)0.7%0.3° x (})0.7%0.3" x (7)0.7°7%0.3%]
x (£)0.720.35 x (})0.730.3! x ()0.76-+0.3%]

N | N
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3 % (§)0.7°0.3% x (1)0.710.3* x (§)0.7*0.3% + 1 x (5)0.7°0.3° x (})0.7%0.3" x (§)0.7%0.3*
Saco [& % (5)0.750.32 x ($)0.70.33 x (§)0.700.36—F + L x (£)0.730.35 x (1)0.730.3 x (§)0.76-+0.3%]
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optimal guess for agent j if ”1_3; > 3. We compare these two conditional probabilities:
p(nyt < 1nyd = 6,wi; = 1,07} < 4) ~ 0.12 p(nyi > 3|nyd = 6,wi; = 1,n70 < 4) =~ 0.73

Therefore, if n;zf) > 6, a;’ = W is the unique optimal guess for agent j while if n;j, =5,a} =B is
the unique optimal guess for agent j.

If agent i € {i1, 2,43} switched to a} = W and agent j did not switch (ag? = W), it means that
there are at least 10 w signals and therefore Vt > 4 : af = W,a% = W. If agent i € {i1,i,i3} did
not switch (aj = B) and agent j switched (a} = B), it means that there are at most 8 w signals
and therefore Vt > 4 : a} = B, a’ = B. If both switched (af = W and a3 = B) then it is clear that
no. =5, therefore if nj,) =4, Vt >4 :al =W, a§ =W while if nj,, =3, Vt >4:al € {B,W} and
if we denote ¢ as the first ¢ > 4 where a} = B for some i € {i1,i2,i3} then Vi >t >4 : az- =W
Vt>t:al e {B,W}

If both did not switch, then both agent i € {i1,2,i3} and agent j know at the beginning of the
fourth round that w;; = 1, nQ_u]) > 6 and nl_yi < 2. First, note that if nl_j) = 2 there are at least 9 w
signals and therefore a} = W is optimal. Similarly, if nl_,j) = 0 there are at most 9 w signals and
therefore a? = B is optimal. If nl_ui) =1, a? = B is the unique optimal guess for agent ¢ € {i1, 2,73}
if ny? = 6 while a} = W is the unique optimal guess for agent i € {i1, 72,43} if ny7. = 8. We compare

these two conditional probabilities:
p(ny? = 6|nyt = 1,wi; = 1,n57 > 6) ~ 0.80 p(nyd = 8|ngl =1, wy; = 1,057 > 6) ~ 0.03

Therefore, if nif} <1, a} = B is the unique optimal guess for agent i € {4y, i, i3} while if nfui} =2,

a;l = W is the unique optimal guess for agent i € {i1,72,i3}. Also, note that if n;i) = 6 there are

4 _
J

therefore a? =W. If ny,; =7 then a? = B is the unique optimal guess for agent j if ”1_12 = 0 while

at most 9 w signals and therefore a B. However, if n% = 8, there are at least 9 w signals and
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a? = W is the unique optimal guess for agent j if nl_lf) = 2. We compare these two conditional
probabilities:
p(ny = 0lnyd = 7,wy = 1,07 < 2) =~ 0.05 p(nil =2[nyd = T,wy = 1,07 < 2) = 0.74

Therefore, if ngujj >, a;* = W is the unique optimal guess for agent j while if n;qi =6, a? =DBis
the unique optimal guess for agent j.

If agent i € {iy,42,i3} switched, that is, a} = W, but agent j did not switch, a? = W then
Vt>5:al =W, a§~ = W since there are at least 10 w signals. If agent i € {iy, 42,3} did not switch,
that is, a} = B, but agent j switched, a? = B then Vt > 5: af = B,a} = B since there are at most
8 w signals. If both switched, a} = W and a;* = B, then Vt > 5 : a} € {W, B}, az» € {W, B} since
there are 9 w signals.

If both did not switch (a} = B and a;* = W), then if nl_ui) = 0 there are at most 9 w signals and
therefore a} = B is optimal while if nj, = 1 there are at least 9 w signals and therefore a? = W is

5 —

optimal. Similarly, if nQ_u]) = 7 there are at most 9 w signals and therefore a;

B is optimal while if
nQ_j) = 8 there are at least 9 w signals and therefore a? = W is optimal.

If agent i € {iy,42,i3} switched, that is, a? = W, but agent j did not switch, a? = W then
VtE>6:al =W, CL; = W since there are 10 w signals. If agent i € {ij,is,i3} did not switch,
that is, a? = B, but agent j switched, a? = B then V¢t > 6 : al = B,aE- = B since there are 8 w
signals. If both switched, a? =W and a? = B or both did not switch, a? = B and a? = W, then
Vt > 6 : af € {W, B}, a} € {W, B} since there are 9 w signals.

Next, consider the case where w;; = 2. We begin with the considerations of the connectors that
belong to Nj. At the beginning of the third round, agent i € {i1, 2,43} knows that agent j guessed
W in the second round only if n;lf) > 4. Recall that agent 7 herself guessed B in the second round,
therefore, nflf) <3. If nfui} = 3, a} = W is the optimal guess for agent i € {i1, 2,43} since there
are at least 9 w signals. If nﬂf) =2, a} = B is the unique optimal guess for agent i € {iy, i, i3} if

n;ujj = 4 while a = W is the unique optimal guess for agent i € {i1,ig,43} if ngjj > 6. We compare
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these two conditional probabilities:
p(nyl = 4n7} = 2,wij = 2,n57) > 4) ~ 0.44 p(nyl > 6|nyt = 2, wij = 2,n57 > 4) =~ 0.31

Therefore, if nl_zf) <2, a} = B is the unique optimal guess for agent i € {iy,i2,i3} while if nl_lf) =3,
a} = W is the unique optimal guess for agent i € {i1,42,i3}. Let us now look into the considerations
of the connector that belongs to No. At the beginning of the third round, agent j knows that agent
i € {i1,12,13} guessed B in the second round only if nif} < 3. Recall that agent j herself guessed W
in the second round, therefore, nglf) >4. If nQ_UJJ = 4 then there are at most 9 w signals, therefore
a? = B is optimal. If niﬁ =5, ag-’ = B is the unique optimal guess for agent j if nflz < 1 while
3 _

a;

probabilities:

W is the unique optimal guess for agent j if nljfj = 3. We compare these two conditional

p(ny < 1lnyd = 5wy = 2,07 < 3) ~0.21 p(ngl = 3|nyl = 5,wi; = 2,07 < 3) =~ 0.51

Therefore, if nng) > 5, ag? = W is the unique optimal guess for agent j while if n;zf) =4,a} =B is
the unique optimal guess for agent j.

If agent i € {i1,ia,43} switched to a} = W then Vt >4 :al =W, az = W, since there are at least
10 w signals. If agent i € {iy, 42,43} did not switch, that is, a3 = B, but agent j switched to a;’ =B
then Vt > 4 : a! = B, ag- = B since there are at most 8 w signals. If both switched (a3 = W and
a? = B) then there are 9 w signals and as a result Vt > 4: af € {B,W},a’ € {B,W}. If both did
not switch, then both agent i € {i1,i2,4i3} and agent j know at the beginning of the fourth round
that w;; = 2, ngujj > 5 and ny, < 2. First, note that if nj,, = 2 there are at least 9 w signals and
therefore af = W is optimal. If nl_u") =1, a} = B is the unique optimal guess for agent i € {i1, ia, i3}

if ny? = 5 while a} = W is the unique optimal guess for agent i € {i1, ia, i3} if n;j > 7. We compare
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these two conditional probabilities:
p(nyl = 5|n7 = 1,wij = 2,n57 > 5) ~ 0.65 p(nyl > 7|3t =1, wij = 2,n57 > 5) ~ 0.12

Therefore, if nl_zf) <1, a} = B is the unique optimal guess for agent i € {i1, 42,43} while if nl_lf) =2,
a} = W is the unique optimal guess for agent i € {i1,i2,43}. Also, note that if ngujj = 5 there are
at most 9 w signals and therefore a? = B. However, if nQ_UJJ > 7, there are at least 9 w signals and
therefore a;* = W. If ny;, = 6 then a;* = B is the unique optimal guess for agent j if nfui} = 0 while
a;* = W is the unique optimal guess for agent j if n;j = 2. We compare these two conditional

probabilities:
p(ny = 0lnyd = 6,wy; = 2,07} < 2) =~ 0.05 p(ngl = 2|nyd = 6,wy; = 2,07} < 2) =~ 0.74

Therefore, if nz_qf) > 6, a;* = W is the unique optimal guess for agent j while if n;zf) =5, a? =B is
the unique optimal guess for agent j.

If agent i € {iy,42,i3} switched, that is, a} = W, but agent j did not switch, a? = W then
Vt >5:af = W,a’ = W since there are at least 10 w signals. If agent i € {i1, 42,43} did not switch,
that is, af = B, but agent j switched, a? = B then Vt >5:al = B, a§ = B since there are at most
8 w signals. If both switched, a} = W and a? = B, then Vt > 5 : al € {W, B}, a§ € {W, B} since
there are 9 w signals.

If both did not switch (a} = B and a? = W), then if ny;" = 1 there are at least 9 w signals and

therefore a? = W is optimal. However, if ny;) = 0, a? = B is uniquely optimal in case n,’ = 6 while
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a? = W is uniquely optimal in case nz_,j) = 8. We compare these two conditional probabilities:
p(nyl = 6|7 = 0,wij = 2,n50 > 6) ~ 0.80 p(nyl = 8|y = 0,wij = 2,n50 > 6) ~ 0.03

Therefore, if nl_zf) =0, a} = B is the unique optimal guess for agent i € {i1, ia, 43} while if nl_lf) =1,

a? = W is the unique optimal guess for agent i € {iy,42,i3}. Similarly, if n;uj} > 7 there are at least

9 w signals and therefore a? = W is optimal while if n,’ = 6 there are at most 9 w signals and
therefore a? = B is optimal.

If agent i € {iy,42,i3} switched, that is, a? = W, but agent j did not switch, a? = W then
Vt > 6:af = W,a’ = W since there are at least 10 w signals. If agent i € {i1, 42,43} did not switch,
that is, a) = B, but agent j switched, a? = B then V¢t > 6 : a! = B, a§ = B since there are 8 w
signals. If both switched, a? = W and a? = B, then Vt > 6 : af € {W, B}, az- € {W, B} since there
are 9 w signals. If both did not switch, that is a;-r’ = B and a? = W, then it is clear that nl_ui) =0,
therefore if ny,, = 8, Vt > 6 : af = W,a}, = W since there are 10 w signals. However, if n,, =7,
YVt > 6: az € {B,W} and if we denote 7 as the first t > 6 where a§~ = Bthen Vi >t >6: al=w
and Vt > :al € {B,W}.

Next, consider the case where w;; = 3. We begin with the considerations of the connectors
that belong to Ny. At the beginning of the third round, agent i € {iy,i2,i3} knows that agent j
guessed W in the second round only if nz_qf) > 3. Recall that agent i herself guessed B in the second
round, therefore, nl_qf} <2 If nl_qf} =2, a? = B is the unique optimal guess for agent i € {i, 9,43} if
n;f} = 3 while a? = W is the unique optimal guess for agent i € {iy, 2,43} if n;j > 5. We compare

these two conditional probabilities:
p(nz_i) = 3|nyl = 2,w;j = 3,n2_$ >3) ~0.21 p(nQ_UJJ > 5ny) = 2w = 37”2_11]; > 3) ~ 0.60

If n;) = 1, a} = B is the unique optimal guess for agent i € {iy,is,i3} if n2_1f) < 4 while a3 = W
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is the unique optimal guess for agent i € {i1, 9,3} if nQ_j) > 6. We compare these two conditional

probabilities:
p(nyd < 4lngl =1, wy = 3,057 > 3) =~ 0.67 p(nyd > 6|ngi =1, wy; = 3,ny7 > 3) =~ 0.18

Therefore, if nif} <1, a} = B is the unique optimal guess for agent i € {4y, i, i3} while if nfui} =2,
aff = W is the unique optimal guess for agent ¢ € {i1,i2,i3}.

Let us now look into the considerations of the connector that belongs to Ns. At the beginning
of the third round, agent j knows that agent i € {i1,i2,i3} guessed B in the second round only if
ny < 2. Recall that agent j herself guessed W in the second round, therefore, ngli > 3. If n;j, <4
then there are at most 9 w signals, therefore a? = B is optimal. If ”2_11]; =5, a:;» = B is the unique
optimal guess for agent j if nif, = (0 while a? = W is the unique optimal guess for agent j if nljf) =2.
We compare these two conditional probabilities:

p(ny = 0lnyd = 5,wy; = 3,7 < 2) ~ 0.05 p(ngi = 2|nyd =5, wi; = 3,7 < 2) ~0.74

Therefore, if n;u{ > 5, a;’ = W is the unique optimal guess for agent j while if n;u]} <4, a? =B is
the unique optimal guess for agent j.

If agent i € {iy,i2,i3} switched to a} = W while agent j did not switch (a? = W), then
Vt>4:a = VV,aE- = W, since there are at least 10 w signals. If agent i € {i1,1i2,i3} did not
switch, that is, a} = B, but agent j switched to a;’ = B then Vt > 4 : af = B,a} = B since there
are at most 8 w signals. If both switched (a} = W and a? = B) then it is clear that nﬂi = 2,
therefore if ny) = 3, Vt >4 : af = B,a’ = B since there are 8 w signals. However, if ny) = 4,
Vt24:a§ € {B,W} and if we denote ¢ as the first ¢ > 4 where a§ =W thenVt>t>4:a! =B
Vt > t:al € {B,W} for every i € {iy,i2,i3}.

If both did not switch, then both agent i € {i1,1i2,i3} and agent j know at the beginning of
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the fourth round that w;; = 3, nﬁ > 5 and ny, < 1. First, note that if nj,) = 1 there are at least
9 w signals and therefore a? = W is optimal. If nl_ui =0, a? = B is the unique optimal guess for
agent i € {iq, 9,13} if nz_lf) = 5 while a} = W is the unique optimal guess for agent i € {i1,ig,43} if

nz_uj} > 7. We compare these two conditional probabilities:
p(ny? = 5|nyt = 0,wij = 3,n57 > 5) ~ 0.65 p(nyd > 7|ngl = 0,wi; = 3,ny7 > 5) ~ 0.12

Therefore, if nif} =0, a} = B is the unique optimal guess for agent i € {i1, 19,43} while if nfui} =1,

a;l = W is the unique optimal guess for agent i € {iy, i2,i3}. Also, note that if n,) = 5 there are

4 _
J

therefore a;* = W. If agent i € {i1,i2,i3} switched, that is, a} = W, but agent j did not switch,

at most 9 w signals and therefore a B. However, if ”27 > 6, there are at least 9 w signals and
a? =W then Vt > 5: af = W,a} = W since there are at least 10 w signals. If agent i € {iy, i2,43}
did not switch, that is, a? = B, but agent j switched, a;* = B then Vt > 5 : al = B,a§- = B since
there are 8 w signals. If both switched, a} = W and a? = B, then Vt > 5: at € {W, B}, az- e {W, B}
since there are 9 w signals. If both did not switch (a} = B and a? = W), then if ny? > 7 there are at
least 10 w signals and therefore Vt > 5 : af = W, az- = W. However, if n,’ =6,Vt > 5: ag e {B,W}
and if we denote £ as the first ¢ > 5 where a§ = B then Vi >t > 5:a§ =W Vt>t: a§ e {B,W}.
Finally, consider the case where w;; = 4. We begin with the considerations of the connectors
that belong to Ny. At the beginning of the third round, agent i € {iy, 42,73} knows that agent j
guessed W in the second round only if ngd > 2. Recall that agent ¢ herself guessed B in the second
round, therefore, nfui} <1.1If nfui} =1, ag’ = B is the unique optimal guess for agent i € {iy, 9,13} if
n;j < 3 while af = W is the unique optimal guess for agent i € {iy, 42,43} if ”2_11]; > 5. We compare

these two conditional probabilities:

p(ny? < 3|nyt = 1,wij = 4,057 > 2) ~0.35 p(nyd > 5|ngl =1, wy; = 4,057 > 2) ~ 0.50
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oo [3 % (9)0.710.3% x (§)0.740.30 x (§)0.750.35% + £ x (£)0.720.31 x (})0.700.3% x (§)0.78-50.3%]
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x ($)0.770.3% x (3)0.710.3% x (§)0.7%0.3%7% 4 1 x (£)0.7°0.3" x (3)0.7°0.3* x (}})0.7°7*0.3%]

x ($)0.770.35 x (3)0.740.3% x (§)0.7%0.38% 4 1 x (£)0.750.3! x (1)0.7°0.3% x (}})0.78-+0.3%]
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If ny,, = 0, a} = B is the unique optimal guess for agent i € {i1,is,43} if niﬂ < 4 while a} = W
is the unique optimal guess for agent i € {i1, 2,13} if nz_i, > 6. We compare these two conditional

probabilities:
p(nyl < A4n7 = 0,wij = 4,n57 > 2) = 0.78 p(nyl > 6|n7t = 0,wij = 4,n57 > 2) ~ 0.12

Therefore, if nl_zf) =0, a} = B is the unique optimal guess for agent i € {i1, is,43} while if ”1_5; =1,
a} = W is the unique optimal guess for agent i € {i1,42,i3}. Let us now look into the considerations
of the connector that belongs to No. At the beginning of the third round, agent j knows that agent
i € {i1,12,i3} guessed B in the second round only if niz < 1. Recall that agent j herself guessed W
in the second round, therefore, ngj) > 2. If n;u]) < 4 then there are at most 9 w signals, therefore
a;)? = B is optimal. If n;j > 5 then there are at least 9 w signals, therefore a?- =

If agent i € {iy,i2,i3} switched to a} = W and j did not switch then V¢ > 4 : al = W, ag» =W,
since there are at least 10 w signals. If agent ¢ € {i1,i2, i3} did not switch, that is, af = B, but agent j
switched to a:;» = BthenVt > 4: a§ = B, az = B since there are at most 8 w signals. If both switched
(a} = W and aj’? = B) then it is clear that nj;} = 1, therefore if n,? < 3,Vt >4 : at = B, a, = B since
there are at most 8 w signals. However, if n,? =4, Vt > 4 a§- € {B,W} and if we denote ¢ as the
first ¢+ > 4 where a§- =W thenVt >t >4:a' = Band Vt > t:al € {B,W}. If both did not switch,
(a} = B and a} = W) then it is clear that nyl = 0, therefore if ny) > 6,Vt >4 :al =W, ab =W
since there are at least 10 w signals. However, if n,? =5, Vt > 4: ag- € {B,W} and if we denote t
astheﬁrstt24wherea§-:Bthean2t24:a§:Wanth>f:a§E{B,W}. O

W is optimal.

B.10 Two Cores with Three Links in the Naive Model

Result 10. Suppose G is a Two Cores with Three Links network where n = 18. Np is the clique
with the three connectors (i1,i2,1i3) and Ny is the clique with the single connector (j). Denote
Ay = |{j € Ni|s(j) = w}| — [{j € Ni|s(j) = b}| where k € {1,2} and A; = |{i € {iria,iz}|s(i) =
w}| — |{i € {i1i2,i3}|s(i) = b}|. By the naive model:

1. Yh € N: If s(h) = w then a}, = W, otherwise, aj = B.

2. If Al > 1 thenVh € N|,Vt > 2: az = W with the exception that if Al =1 and a} = B then
a? a2 ,a? € {B,W}.

11 Vg 13
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x (5)0.7°0.3% x (3)0.7°0.3* x (}})0.7°7*0.3%]
x (5)0.760.30 x (3)0.7°0.3% x (}})0.78-+0.3%]

1
2
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x (9)0.7°0.3% x (3)0.710.3% x (§)0.7%0.3%7% 4 1 x (£)0.7°0.3% x (3)0.7°0.3* x (}})0.7°7*0.3"]
x (9)0.7°0.36 x (1)0.740.3% x (§)0.70.38=% 4 1 x (£)0.760.30 x (1)0.7°0.3% x (}})0.78-+0.3%]

48



3. If Ay < —1 then Vh € N1,Vt > 2 : al, = B with the exception that if A1 = -1 and a} =W
then a? e {B,W}.

i1 ’LQ’ 23

4. If Ay > 1 then Vh e Ny, Vt > 2 : al, = W with the exception that if Ay + A; = 0 then
a? € {B,W} and if Ay + A; < 0 then a ? B.

5. If AQ < —1 then Yh € No,Vt > 2 : = B with the exception that if Ag + A; = 0 then
a e {B,W} and if Ay + A; > 0 thena =W.

Proof. Definition | implies that each agent guesses by her own private signal in the first round.
Note that every non-connector k& has b=¢(k) = 0 while the connectors have b= (i1) = b= (is) =
b=C(i3) = 1 and b=C(j) = 3. Also note that A; # 0 and Ay # 0.

Therefore, if ]A1| > 1, then, by Lemma 0, Vh € Ny,Vt > 2:a} =W if A is positive and a}, = B
otherwise. In addition, if |A1| = 1 then, by Lemma 6, Vh € Ny, Vt > 2 al, =W if A is positive
and a} = B otherwise. That is, we are left with the behavior of the connectors of N; when ]A1| =1
Suppose that Ay = 1. If a]l = W then agent i € {i1,12,i3} observes a majority of W in the second
round and therefore, by Definition |, guesses a? = W. However, if a} = B then agent ¢ € {i1, 2,13}
observes a tie in the second round and therefore, by Definition |, guesses a? € {B, W}. Starting
from the third round, they will observe at least 6 guesses of W out of 10 observations. This is a
majority and V¢ > 3 : al = W. Similarly for negative A;.

Now, we turn to the other clique, No. If |A2\ > 3, then, by Lemma 0, Vh € No,Vt > 2 :a} = W if
A, is positive and a} = B otherwise. In addition, if \Ag[ < 3 then, by Lemma 6, Vh € N{j,Vt >2:
al, = W if A, is positive and al, = B otherwise, since |Ay| > 0. That is, we are left with the
behavior of the connector j when |Ay| € {1,3}. Suppose that As is positive, that is, Ay € {1,3}. If
As + A; > 0 then agent j observes a majority of W in the second round and therefore, by Definition

, guesses a? = W. However, if (i) Ay + A; = 0 then agent j observes a tie in the second round and

J
therefore, by Definition |, guesses ajz € {B,W} or (ii) Ag + A; < 0 then agent j observes a majority
of B in the second round and therefore, by Definition |, guesses af = B. Starting from the third
round, agent j will observe at least 8 guesses of W out of 12 observations. This is a majority and

Vt>3: aé = W. Similarly for negative As. O

B.11 Two Cores with One Link: Example

Consider the Two Cores with One Link network with 18 agents, divided into two cliques: Ny =
{i,11,...,1i8}, where agent i is the connector, and Ny = {j, j1, ..., Js}, where agent j is the connector.
Suppose that six agents in N1, including connector 4, receive a private signal of w, while only
two agents in N, including connector j, receive the same signal. Thus, the correct guess is B.
At the end of round 1, agent ¢ observes a total of seven guesses indicating w: her own, that of
agent j, and five from agents in Ny \ {i}. Agent j, in contrast, observes only three such guesses: his
own, agent i’s, and one from Na \ {j}. Therefore, in round 2, a? = W and a? = B.

Importantly, for agent ¢ to switch from W to B, she must believe that there is at most one w
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signal in Ny \ {j}—a set she cannot directly observe. Similarly, for agent j to switch from B to W,
he would need to believe that there are at least seven w signals in Nj \ {i}-—which he also cannot
observe.

At the end of round 2, agent ¢ reasons as follows. If agent j had observed more than three w

2
J

at most three such guesses. Moreover, she compares the conditional probability that agent j saw

guesses in No \ {j}, then a% would have been W. Therefore, agent ¢ concludes that agent j observed
exactly three agents with w signals to the conditional probability that he saw at most one. Since the

former is more probable given her information, she maintains her current guess: a? = W. Similarly,
2

agent j infers that agent i observed at least three w guesses in Nj \ {i}—since otherwise, a; would
have been B. He then considers whether agent 7 saw at most five such w signals, or at least seven.
Since, from his perspective and given his information, the former is more likely, he also maintains
his current guess: a? = B. Thus, neither connector switches between rounds 2 and 3.

However, information is being exchanged. By the end of round 2, agent ¢ has already inferred
that agent j observed at most three w guesses in Ny \ {j}. In round 3, she reasons further: if agent
j had observed exactly three such w guesses in Na \ {j}, he would have switched to a = W. Since
he does not switch and plays a;’ = B, she deduces that agent j observed at most two w guesses
in Na\ {j}. Agent i now combines this inference with her own observation of seven w guesses in
total. She concludes that there are at most nine w signals in the network. Since the total number
of agents is 18, and signals are binary, she now determines that B is more likely and switches in
round 4: af = B. Meanwhile, agent j similarly infers from a} = W that agent 4 must have observed
at least five w guesses in Ny \ {i¢}. He considers whether agent i saw exactly five such agents, or at
least seven. From his perspective and given his information, the former is more probable. Therefore,
he sticks with B: a? = B.

After round 4, it is now mutually understood that agent i observed five w guesses in Nj \ {i},
and agent j observed at most one such guess in Ny \ {j}. Together with their own signals and
observations, both conclude that the majority of signals in the network are b. Accordingly, the
connectors continue to play B in all subsequent rounds. The non-connectors, begin to imitate them

starting in round 5.
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C Rational Under Imitation?

C.1 Claim

Consider a Single Aggregator network with n participants. Assume:
1. n is even.

2. Every non-aggregator i has at most § — 1 direct neighbors, i.e., b(i) <

|3

3. Every two non-aggregators i and j are either not linked, i.e., ij ¢ E, or they share exactly the
same set of neighbors, that is, B(i)\{j} = B(j)\{i}.

4. All subjects guess correctly in the first round.

5. The aggregator, denoted by A, never switches in the second round when her private signal

coincides with the majority of first round guesses.

6. Agent A does not switch in the second round when her private signal coincides with the

minority of first round guesses with probability « € (0, 1].

7. Agent A does not switch in the second round when there is a tie in the first round guesses
with probability 8 € [0, 1].

Claim A Bayesian non-aggregator agent i imitates agent A if either (i) the aggregator switched
between round 1 and round 2, i.e., aly # a2, or (ii) the aggregator did not switch, and their
initial guess was not in the first-round minority within agent i’s local neighborhood, i.e., aly = a%
and |7 € B(i) U{i}|s(j) = s(A)| > |j € B(i) U{i}|s(j) # s(A)|. If the aggregator did not switch
between round 1 and round 2 and their initial guess was in the first-round minority within agent ¢’s

local neighborhood, then there exist values of a and 8 for which imitation is not optimal for agent .

Proof. By assumptions (iv) and (v) whenever the aggregator switches between round 1 and round
2, their second round guess is surely correct, therefore imitation is optimal. If the aggregator does
not switch it might be that her private signal coincides with the majority of first round guesses
or there is a tie (and then imitation is optimal) or, alternatively, that her private signal coincides
with the minority of first round guesses and she decided not to switch. Therefore, when no switch
is observed, a Bayesian non-aggregator agent i uses the b(7) 4+ 1 first round guesses she observed
and the fact that the aggregator did not switch, to evaluate the conditional probability that the
aggregator’s second round guess is incorrect.

With no loss of generality, assume that the aggregator recieved the private signal s(A) = w.
By assumption (iv), a}4 = W. Therefore, agent ¢ knows that the aggregator’s signal is w. Let
my € {1,...,b(i) + 1} denote the number of W guesses observed by agent i at the end of the first
period, including her own (m,, = |[{j € B(i) U {z}}]ajl = W|). In addition, let n,, € {1,...,n} be
the number of W guesses observed by the aggregator A at the end of the first period (n,, = [{j €
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N |a} = W/). By property (iv), m,, and n,, denote also the number of w signals received by the
neighbores of agents i and A (and themselves), respectively.

Hence, from the point of view of agent ¢ before the second round, the aggregator will switch
in probability 1 — a if w is the overall minority signal and in probability 1 — § if there is a tie,
formally, (1 — a) x P(n, < §|my) + (1 = ) x P(ny, = §|my,). The aggregator will not switch due
to imitation-worthy reasons in probability 1 if w is the overall majority signal and in probability 3
if there is a tie, formally, P(n, > §|my) + 8 X P(n, = §|m,,). Finally, the aggregator, incorrectly,
does not switch in probability « if w is the overall minority signal, formally, a x P(n, < §|mw).

Note that by property (iii) the only new piece of information in the second round is whether
the aggregator switched. If a switch was observed, agent ¢ must imitate in the third round. If the
aggregator did not switch, the probability that the aggregator’s second round guess is incorrect,

conditional on not switching is

a X P(ny < §may)
P(ny > 5lmy) 4+ B8 x P(ny = §lmw) + o X P(ny < %|ma)

If this probability is greater than half, imitation is not optimal. That is, it is optimal for the

non-aggregator not to imitate if and only if
n n n
ax P(ng < §]mw) > P(ny > §\mw) + B x P(ny, = §]mw)

Hence, it is optimal for the non-aggregator not to imitate if and only if

P(ny, > §|my)
P(n, < §|my)

P(ny = %|mw)
P(ny < §|my)

a >

+ 68

Note that,

—Mqyy—1
n 12 «—  [(n—=0b0G)—1\T . b —1ei  r—b(i)—1—i .
Py < S lmw) =5 37 ( v ){q](l—q)” o L J(l—q)J]

n i j neb(i)—1—j | n—b(i)—1—j j
P(ne > 5lme) == j ¢(1—-q) +q (1—q)| =

Hence, if n—b(i) =1 — (5 —my +1) > § —my, — 1 then P(ny, < §|my) < P(ny > §|my,). Therefore,
i —b(i) —1— (% —my+1)>2 (> glmw)

So, if n—b(i) =1 — (5 —my +1) > § —my — 1, since a < 1, it is optimal for the non-aggregator to
5 — My + 1) > 5 —my — 1 if and only if m,, > b(i)TJrl. Therefore,

P
— My — 1 then Pl <t mw) =

imitate. However, n — b(i) — 1 — (
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Network Node’s b(i) Minority Minority Minority Minority
neighborhood of Size 1 of Size 2 of Size 3 of Size 4
Connected Spokes Small Hub 3 0.743 4+ 0.1415 X X X
Connected Spokes Large Hub 4 0.574 4+ 0.178 | 0.853 + 0.1478 X X
One Gatekeeper Cluster 8 0.022 + 0.0878 | 0.128 +0.17758 | 0.375+0.2315 | 0.755 + 0.24583

Table 1: Lower bound on « for imitation to be not optimal as a function of network position,
minority size and 5. The calculations follow the expressions in the proof of Claim

My > b(i)2+1

implies that imitation is optimal.

)+1 P(nw>3|mw)
7 then o =2

and 8 (e.g. 8 = 0) such that the condition holds and it is optimal for the non-aggregator not to

Finally, note that if m,, < (i

< 1. Therefore, there exist an o € (0, 1]
imitate. =

C.2 Lower Bounds on Alpha

Following Claim | and its proof (Section ), we conclude that no under-imitation is expected by
Bayesian subjects in the Star Network. However, non-aggregators in the Connected Spokes and
in the One Gatekeeper networks may find it optimal not to imitate in cases where the aggregator
does not switch between the first and the second rounds and her first round guess belongs to the
local minority. Table | provides lower bounds on the rate of under-reaction to new information by
the aggregators that is consistent with a decision by a Bayesian non-aggregator not to imitate as a
function of its network position, the minority size and § (the rate of no switching by the aggregator

in case of a tie).
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